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Abstract. We prove an analogue of Selberg's trace formula for a delta potential on a hyperbolic 
surface of finite volume. For simplicity we restrict ourselves to surfaces with at most one cusp, but 
our methods can easily be extended to any number of cusps. In the case of a noncompact surface 
we derive perturbative analogues of Maass cusp forms, residual Maass forms and nonholomorphic 
Eisenstein series. The latter satisfy a functional equation as in the classical case. We also introduce a 
perturbative analogue of Selberg's zeta function and apply the trace formula to prove its meromorphic 
continuation to the complex plane as well as a functional equation. 
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1. Introduction 

Selberg's trace formula [17] is a central tool in the spectral theory of automorphic forms [9^, [9b] . 
[TT] and has important applications in number theory [S]. It also plays a central role in the theory of 
quantum chaos as an exact analogue of Gutzwiller's celebrated trace formula [5], [S], [B], [T3] which links 
the distribution of the energy levels of a classically chaotic quantum system to the actions of periodic 
orbits. Selberg proved his trace formula in 1956 for the Laplacian on weakly symmetric Riemannian 
spaces. The originial goal was to prove the existence of cusp forms for the modular surface. These form 
the discrete spectrum of the Laplacian and play a crucial role in Selberg's proof of the trace formula. 
Selberg also introduced a zeta function associated with the eigenvalue problem of the Laplacian and 
showed that it had remarkably similar properties to Dirichlet series studied in number theory. He used 
the trace formula to show that his zeta function satisfied an analogue of the Riemann hypothesis. 
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Among number theorists singular perturbations of the Laplacian attracted attention in the early 80s 
when D. Hejhal |3| gave the mathematical answer to a problem of Haas [3. In 1977 Haas had discovered 
the nontrivial zeros of the Riemann zeta function in numerical investigations of the spectrum of the 
Laplacian on the modular surface. In 1979 Hejhal demystified this phenomenon when he showed [3] that 
the apparent eigenfunctions on the modular surface that Haas had discovered featured a logarithmic 
singularity at the conic singularity of order 3 which numerically was hard to detect, and thus failed to be 
eigenfunctions of the Laplacian. The full mathematical explanation of these pseudo-eigenfunctions was 
given by Colin de Verdiere [1] in 1983 by revealing them to be eigenfunctions of rank one perturbations 
of the Laplacian by a delta potential at the respective conic singularity. 

A semi-classical trace formula for a delta potential was proven by Hillairet [10] in the case of a 
3-dimensional Riemannian surface. In this paper we prove an exact trace formula for rank one pertur- 
bations by a delta potential on a hyperbolic Riemann surface with at most one cusp. In particular our 
trace formula expresses the difference between perturbed and unperturbed trace in terms of diffrac- 
tive orbit terms and, in the noncompact case, an additional scattering term. There is a general trace 
formula for rank one perturbations due to Krein [12] which, however, does not give any information 
about diffractive orbits or the scattering term. Our work is also closely related to Venkov's proof 
[18j of an analogue of Selberg's trace formula for an automorphic Schrodinger operator with a contin- 
uous nonnegative potential. Venkov extended the notion of Eisenstein series to such potentials and 
proved that they satisfy an analogous functional equation. He also introduced an analogue of Selberg's 
zeta function in this case and verified that it possesses properties similar to those of the original zeta 
function. 

1.1. Notation. Before we state our main results we fix some notation. Let M = {x + iy E C \ y > 0} 
be the upper half-plane with Riemannian metric ds^ = y^^{dx'^ + dy^) and volume element dp{z) — 
y~'^dxdy, where z = x + iy. The geodesic distance on H is given by d{-, •) : H x H M+, where 



\z — w\ 
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(1.1) cosh d{z , w) = 1 

The Laplacian on H is of the form 

^ ^ ^ \ 9x^ ^ dy^ ^ 

The orientation-preserving isometrics of H are the fractional linear transformations 

,1.3, (: ^)ePSL,,M,. 

A hyperbolic Riemann surface of finite volume can be represented as a quotient r\H, where F C 
PSL(2,M) is a Fuchsian group of the first kind. Let zq E r\M. Consider the operator Aa^zo = 
A -I- a{Szo, ■)Szo, a G M, which we discuss in detail in section 2.2. 

1.2. The compact case. If F\H is compact the spectrum of the Laplacian on the surface is discrete. 
The spectrum of Aa,zo interlaces with the spectrum of A, 

(1.4) A^Af < = X-M < A^M+i < X-M+i <■■■< A„_i < A^ < A„ < > c», 

where Xj < ^ for j = — Af, • • • , — 1 and Xj > j for j > 0. 

Let us write an eigenvalue as X = j + p^, p E IR+ U iM+. Let o" > 5 and S > 0. We define ffcr. 5 to 
be the space of functions /i : C — > C, s. t. 



(i) h is even, 

(ii) h is analytic in the strip llmpj < cr, 

(iii) h{p) « (1-1- I Repl)"^"* uniformly in the strip |Imp| < a. 



Let TOr = PI < +00, where 
(1.5) I^{jET\jzo = zo}. 



THE TRACE FORMULA FOR SINGULAR PERTURBATIONS 



3 



Let tp{s) = ^r'(s)/r(s), where r(s) denotes the Gamma function. For h G H^ s and /3 € M we define 
the transform of h 

27riA; (1 + mrWl^ + W) 

where > w^g if 1 + mrP^{^ + ip) has a zero —ivfj in the interval (0, — icr), and = otherwise. In fact 
there is at most one zero of 1 + mrPipi^ + ip) in the halfplane Imp < and it hes on the imaginary 
axis. To see this consider the representation (B9) in fTTl (beware of om additional factor ^). It follows 
that 

(1.7) Im(l + mr/3V(5 + ip)) = E I" + 5 + 'P\'^' 

n=0 

SO 1 + mr/3V'(5 + ip) has no zeros off the imaginary line. For p = —iv and v > —■^ we have 1 + 
mrl3ip{^ +v)eR and 

(1.8) |-(1 + ™r/3V'(^ + = ^ E(" + 5 + ^)"' > 0- 

ri=0 

This together with the asymptotics r'(s)/r(s) = log s + 0(|s|-i) for Res > i (cf. (Bll), pp. 198-9 in 
PT] ) and the observation that limj,^_i/2+ ^(5 + w) = —00 implies that 1 + mrf3tp{^ + ip) has exactly 
one zero in the halfplane Imp < ^ ai p — — iw^, vp > — i. 

Selberg's trace formula relates the trace of the Laplacian to a sum over periodic orbits on r\H. Our 
trace formula relates the difference between the traces of A.a^zo and A to so-called diffractive orbits. By 
a diffractive orbit associated with a group element 7 € F, which does not fix zq: we mean the following. 
We consider the unique geodesic which connects zq to 720 in H and project it onto the surface T\M. 
We hence obtain an orbit which starts and returns to zq, which is, however, not necessarily a periodic 
orbit. We denote the length d{'yzQ, zq) of such an orbit by l^^zo- 

The following trace formula for compact surfaces is proven in section 4. 

Theorem 1. Suppose T\M is compact. Let a > C(F, a, zq), where C{T,a, zq) is defined by (j4.65l) and 
let /3(a) — a/{l + ca) for some real constant c. Let v be defined as above. For any 5 > Q and h G H^^s 
we have the identity 



E Mp^) - Hp,)} ^ ^ kjp) -rm ^^P) 

^ ^ ''^ 2^J-i.-oo ^^^ + mr/3(a)V(5+ip) 

^^■^^ J2 r - r 9pA^^ + ---+t^)Yt^,dtr. 



fe=l 7i,--- ,7fcer\I "^'^i-^o -^^ik.'o Y\n=l \/cOshi„ ^kjhil^^^^zo 

1.3. The noncompact case. If F\]HI has one cusp, one can employ a simple coordinate transformation 
to move the cusp of r\EII to the standard cusp of width one at oo. Its stability group is then given by 

(1.10) = {(o i) I ^ 

which acts by integer translations in the x-variable. 

The generalised eigenfunctions of the Laplacian on F\IHI are given by non-holomorphic Eisenstein 
series 

(1.11) E{z,s)^ ^ (Ini7z)", Res>l, 

76r„,\r 

which satisfy 

(1.12) (A + s(l-s))£;(.,s)=0, 
and have the asymptotics 

(1.13) E(x + iy,s) = y' + ^{s)v^-' +0{e--'^y), y ^ oo. 
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in the cusp, where f{s) is the scattering coefficient. E{z, s) can be meromorphicahy continued to the 
whole of C and satisfies a functional equation 

(1.14) E{z,s)=(p{s)E{z,l-s). 

The spectrum of the Laplacian consists of a continuous part [-jjCw) which corresponds to Eisenstein 
series {E{z, ^ + if)}f£R and a discrete part 

(1.15) = X-M < A_M+i < • • • < A_i < i < Ao < Ai < • • • < Aj < ^ oo, 

which consists of the residual part {Xj}~]^_j^ with eigenfunctions which are either residues of E{-, s) 
in the interval [0, 1] or cusp forms, and the cuspidal part {Xj}°°^Q all of whose eigenfunctions are cusp 
forms. 

The spectrum of Aq,^^^ consists of a continuous part [|, oo) which corresponds to perturbed Eisenstein 
series and a discrete part (cf. [3], Thm. 3) consisting of perturbed cusp forms and a finite number 
of perturbed Maass forms. The perturbed Eisenstein series play the analogous role of the scattering 
solutions in the unperturbed case. They satisfy a functional equation similar to that satisfied by 
classical Eisenstein series. We give the proof of the following Theorem in section 5. 

Theorem 2. The generalised eigenfunctions of A^^zo o'^c given by perturbed Eisenstein series iJ"'^" (z, s) 
which have the asymptotics 

(1.16) ^"'-''(x + iy,.s) = z/ + <^„,,„(s)yi-^ + 0(e-2-«), y ^ oo, 

in the cusp, where ipa,zo{s) is the scattering coefficient for the perturbed Laplacian l^a,ZQ- They satisfy 
an analogous funtional equation 

(1.17) (z,s) = ip^,zo{s)E^'''{z, 1-s). 

The cuspidal part of the discrete spectrum includes possible degenerate eigenvalues of the Laplacian, 
but may also include new eigenvalues. To simplify notation we will only list the new eigenvalues which 
are nondegenerate (see section 3, Proposition El) 

(1.18) X-^M < < A^M+i < • • • < A^ < A? < • • • < A^" < • • • . 

The small eigenvalues {A"}J^_j^,j correspond to eigenfunctions which are either residues of £'"'^''(z,s) 
or perturbed cusp forms. We will refer to the residues as residual Maass forms. We will sometimes refer 
to the small eigenvalues as the residual spectrum, although some of them may be associated with cusp 
forms instead of residues of the Eisenstein series. The remaining eigenvalues {A"}j>o correspond to 
eigenfunctions which decay exponentially in the cusp and have a logarithmic singularity at zq- We will 
refer to such eigenfunctions as pseudo cusp forms and the associated eigenvalues as the pseudo cuspidal 
spectrum. For a detailed discussion of the perturbed discrete spectrum see section 2. In section 3 we 
will prove that for almost all pairs (a, zq) the perturbed cuspidal spectrum is empty. 

We now turn to our second main result, the trace formula for surfaces with one cusp, which we 
will prove in section 7. We interpret the sum over closed geodesies in the trace formula as a sum 
over diffractive orbits, where we sum over the number of visits to zq and all combinations of orbits 
connecting zq to itself on r\H. 

Theorem 3. Suppose r\H has one cusp. Let (a,zo) € (R\{0}) x r\IHI. Let a > C{T,a, zq), where 
C(r, a, zq) is defined as before. For any d > and h G H^ g we have the identity 

(1.19) 

2^^-i*-oo l + mr/3V'(2 +V) 



I5rh{0) + ^ r h{p)['^{\+\p)~^{\+\p)\dp 



E /^(")' E 



' gii,k{t\ + ... + ^fc) Iln^l 

k=\ -yj,... ^^j^gr\{id} "'^I'^o -"Tfc.^o X\n=\ \/coshi„ — cosh/^^^^^ 

where 6r = ^ if X = j is not an eigenvalue of the Laplacian, and 6^ = otherwise. 
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Remark 3.1. On the spectral side it does not matter whether we count multiplicities when summing 
over the eigenvalues. If we count multiplicities, we get cancellation with the degenerate eigenvalues of 
the Laplacian appearing in the spectrum of '^a,zo- Please see section 2.3. for details. 

We conclude with a brief overview of the structure of this paper. Section 2 introduces the machinery 
which we will use throughout the paper such as automorphic functions and self-adjoint extensions of the 
Laplacian. Section 3 proceeds to introduce the key tool in the proof of the trace formula, the relative 
zeta function, and states its main properties which we will use later on. Of particular importance 
here is Theorem 11 which locates the zeros and poles of the relative function which correspond to 
perturbed and unperturbed eigenvalues and, in the noncompact case, resonances. Section 4 gives the 
proof of Theorem 1 and illustrates the general strategy of the proof of the trace formula in the case of 
compact surfaces. Section 5 concentrates on the derivation of the perturbative analogue of the classical 
non-holomorphic Eisenstein series (Lemma 20) which plays a key role in the spectral theory of singular 
perturbations of the Laplacian on noncompact hyperbolic surfaces. In particular we prove a functional 
equation (Corollary 21) for perturbed Eisenstein series. To prove the final trace formula for surfaces 
with a cusp we require a bound on the continous part of the relative zeta function which we prove in 
Section 6 (Proposition 24). In Section 7 we use the results of the previous section to give a full proof of 
Theorem 3. In analogy with the case of the unperturbed Laplacian it is possible to relate the leading 
term on the RHS of (|1.19|) to the trace formula for singular perturbations on the sphere. We outline 
this analogy in section 8. Section 9 uses our previous work on the trace formula to derive an analogue 
of Selberg's zeta function for singular perturbations. 

2. SeLF-ADJOINT extensions on AUTOMORPHIC FUNCTIONS 

2.1. Automorphic functions. We define the space of automorphic functions to be 

(2.1) ^(r\H) = {/ : H ^ C I V7 e r : f{^z) = f{z)} . 

We denote the space of twice continuously differentiable automorphic functions by 

(2.2) c2(r\H) = yi(r\H)nc2(H). 

Furthermore we define the space of automorphic forms of eigenvalue A = s(l — s) by 

(2.3) A(r\H) = {/ e ^(r\H) | / e c^{r\m), (A + s{i - s))f = 0} . 

and the space of infinitely differentiable automorphic functions as 

(2.4) c°°(r\H) = y^(r\H)nc°°(H). 

Let be a connected fundamental domain for F. Let / e yl(F\H) be a measurable function. We 
introduce the norm 

(2.5) 11/11= (^l/WPdA^w)'^' 
and the space of square-integrable functions 

(2.6) L\r\m) = {fe A{r\m) \ ||/|| < +^} . 

Let f,g E ^(F\H) be measurable functions. We define an inner product on L^(F\H) by 



(2.7) (/,g)= / f{z)g{z)d^,{z 



We define the second Sobolev space on F\H by 

(2.8) ij2(r\H) = {/ e L^(F\H) I A/ e l2(f\h)} . 

If F\E[ has a cusp, every / e C°°(F\H) is periodic in the 2:- variable and can therefore be expanded in 
a Fourier series 

(2.9) /(x + iy) = ^ f„{y)e{nx), e{x) = exp(27ri2;), 
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where 

(2.10) fn{y)^ [ f{x + iy)e{nx)dx 

and the series converges absolutely. Any / e y^s(r\]HI) with f{x + iy) = o(e^^^) has the asymptotics 



oo, 



(2.11) f{x + iy) = Af{s)y^+Bfis)y'-^+Oie-'^y), y 

in the cusp, where Af{s),Bf{s) G C. Let fo{y) — Ajy^ + Bfy^~^. We define the space of cuspidal 
functions to be 

(2.12) CZspin^) ^{f^C^ (r\H) l/o - 0} . 

An important example of an automorphic function is the automorphic Green's function G^(-,2;o) 
which is defined by the method of images for Re s > 1 

(2.13) Gr(z,zo) = ^G,(z,7^o) 

where Gs{-,w) denotes the Green's function on H. It solves the equation 

(2.14) (A + ,s(l-.))Gr(-,zo) = 5.„, 

and has a meromorphic continuation to all of C (cf. [9b]). 
If r\H is compact, we have 

(2.15) G{_,{z,zo) = Gl{z,zo) 
which follows from the spectral expansion 



(2.16) G^(z,zo)= 



X-i — s(l — s) 



If r\]HI has a cusp, it satisfies the functional equation (cf. (7.19), p. 105, [TT| ) 

(2.17) GL.(z,.o) = Gr(.,.o)- 
In the cusp G^ (z, zq) has the asymptotics 

(2.18) G^(z, zo) = ^^^y'-^ + Oie-'-y), y ^ oo, 

1 — 2s 

which shows straightaway that G^{-, zq) G -L^(r\H) if Re s > i or E{zo, s) = 0. 

2.2. Self-adjoint extensions. Let zq G r\H. In the following it will be clear from the context when 
we mean by zq a F-orbit or a representative in H. We consider the one-parameter family of rank-one 
perturbations Aa^zo = ^ + OiSzQ{5z„, ■), a G R, where Szg denotes the Dirac functional at zq. It is known 
(cf. [4], section 1 or [1 , section 1.3.2) that {Aa,zo}aem can be realised as the family of self-adjoint 
extensions of A from the space 

(2.19) Do = {feH\r\m)\f{zo)^0}. 

It can easily be checked that A : Dq L^(r\]HI) is symmetric with respect to (., .). Also Aa,za\Do = 
Ajug for any a G M. It is well-known that A|do bas deficiency indices (1, 1). The deficiency elements 
are the automorphic Green's function Gj(z,zo) and its conjugate Gf(z,zo), where t{l — t) = i and 
Ret > i. G^(.,zo) uniquely satisfies 

(2.20) (A + t(l-t))G^(.,zo) = <5.„, 
and has the asymptotics 

(2.21) G^(z,zo) = ^logd(z,7zo) + 0(l), z ^ zq, 

ZTT 

where m = ord(zo) if zq corresponds to an elliptic fixed point in H, and otherwise m = 1. G^ {■, zq) is 
automorphic in the sense that for any z ^ Lzq 

(2.22) Gf(7z,zo) = Gf(z,zo). 
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With respect to the graph mner product (•, •) — (•, (AA* + !)•) we have the direct sum 

(2.23) ® l^{G\{-. zo)} © /:{G^-(-, zo)} 

which forms a subspace of i?^((r\H)\{zo})- Define the subspace C £'offi'C{Gt (•, zo)}®£{G^ (•, zq)} 

by 

(2.24) = {.g + cG^(-, zq) + ce''^G^-(-, zo)|g € Do,c e C} 
with € (— 7r,7r). This means any / G D^^ satisfies the boundary condition 

— logd(z,zo) + Refc + ilm/ctan-^ ^ + o(l), z zq, 
where c, fc G C are constants and k depends on t. Let us introduce the function 

(2.26) A{s,t)^ \ hm(G^(z,zo)-Gj^(z,zo)). 

which is meromorphic in both variables. The Umit clearly exists, since we have removed the logarithmic 
singularity at zq. ^\do admits a one parameter family of self-adjoint extensions {A;p}, Lp € (0,27r). 
The operator A^ : -> L^j-p^jj) jg defined (cf. [I], section 1.2.5) by 

(2.27) A^/ = A5 - ct{\ - t)G\{z, zq) - ct{\ ~ t)e''^G^-(z, zq)- 
We have the following theorem. 

Theorem 4. The operator is self-adjoint on the domain D^. 
Proof. Let /i , /2 G . Then we have the unique representations 

/i = .91 + fliGf (•, Zq) + biG]^{-,zo), where 61 = oic"^ and gi{zo) = 0, 

(2.28) 

/2 = ,92 + a2Gt (•, zo) + 62Gf (•, zq), where &2 = a2e"^and 52(^0) = 0. 
We make the calculation 

(A^/l,/2)-(/l,A^/2) 

= (A^Cgi + aiGf (•, zq) + biG^{-, zo)),52 + a2Gj^(-, zq) + &2G^^(-, zq)) 

(2.29) - (51 + fliGf (•, Zo) + &iG^'(-, Zo), A^(.g2 + a2Gf (•, zo) + 62G^'(-, zq))) 
= {Agi ~ iaiGf (•,zo) + i&iGf (•, zo), 52 + a2Gf (•,zo) + 62Gf (-,20)) 

- (51 + aiGf (•, Zo) + &iG^'(-, Zo), A.g2 - ia2G[(-, zo) + i&2G^'(-, zo)). 
We expand the last line to obtain 

(A^/l,/2)-(/l,A^/2) 

= (A.91,.92) +ai(-iG[(-,zo),g2) + fei(iGf (•, zo), 52) 

+ a^(A5i, Gf (•, Zo)) - iaio^ ||Gf (•, zo)f + ifoia^(G[(-, zo), GJ^(-, zo)) 

(2.30) + MA51, G^(-, zo)) - iaMGli; zq), G?(-, zo)) + ibih ||Gf(-, zo)||' 

- (gi, A52) - aiiGli; zo), A.g2) - h{G^{; zq), Aga) 

- 02(51: -iGf (•, Zo)) - iaio^ ||Gf (•, zo)|| - ifeia^(Gf (•, zo), G[(-, zo)) 

- h{gi,iG^{-, Zo)) + iaih{G^{-, zo), G?(-, zo)) + ibih ||Gf (•, zo)f 



Now observe that the property G^{z, zq) — G^ {z, zo) implies 

(2.31) ||Gj^(.,zo)f = / \G^{z,zo)\'dfi{z)^ f \G^ {z , zo)\' dfiiz) ^ \\G^ {■ , zo)\ 

Jr\u Jr\n 
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Consequently, we obtain 

(A^/1,/2)- (/i,A^/2) = (A5i,g2)- (gi,A52) 

+ ai[HGj^(.,zo),52)-(G[(.,zo),A.92)] 

+ 5i[(iG^(.,^o),52)-(G^(-,zo),A52)] 

^^■^^^ + a^[(Agi, Gf (., zq)) - (ffi, -iCf (•, zq))] 

+ M(A5i,G^(.,zo))-(5i,iGF(-,zo))] 

+ 21(6162 - aioi) \\G\{-,zq)\\^ 

To see that the RHS vanishes let us consider the six terms separately. The first term vanishes by 
symmetricity of A on Dq- For the second term we use the distributional identity (A + i)Gf (•, zq) — 6zq 
and 32(^0) = to see 

(2.33) (-iGr(.,zo),g2) = (AGr(.,zo),52) + (<5.„,g2) = (AGr(., zo),.92) = (Gr(., zq), A52) 
where we have used integration by parts twice in the last step 

(AGf(-,zo),g2) = / AG^{z,zo)g2{z)d^i{z) 
Jr\m 

= - / WG^{z,zo) ■Wg2(z)dfi(z) 

(2.34) Jr\u 

-(-1)2/ G^{z,zo)Ag2{z)d^i{z) 
Jr\M 

-(Gj^(.,zo),Ag2) 

and the boundary terms vanish because of automorphicity. Terms 3-5 vanish analogously. The last 
term vanishes because of the constraints bi = aie"^ and 62 = a2c"^. Thus A^ is symmetric on D^. It 
follows from Theorem X.2, p. 140, in [T6| that is self-adjoint. □ 

The operator Aq, — A+a {5^0, •) (^^^ is formally realised (cf. [T], Thm. 1.3.2, p. 34) as a self-adjoint 
extension A^^q,) of A\]j^ where </'(a) € (— tt, tt) is uniquely determined from the relation 

(2.35) ~ 2ia A{t,t) = cot ^^Y^ 
which is obtained from the relation 

(2.36) (0,^) = (_i + c)6(^) 

in Theorem 1.3.2. In fact we have chosen the real constant c to be zero. This choice simply corresponds 
to fixing a parameterisation of our one-parameter family of self-adjoint extensions. Following the 
conventions of section 1.2.5 in 1 we have 

(2.37) ^(^)=^(^) + i_!!!(Gr^GF)(z,zo), V'(^o) = 0, 
and 

(2.38) 6(V,) = 1±H!^, 4, = 6.,. 
Substituting these expressions in p.36p gives ()2.35p . 

2.3. The spectral decomposition in the noncompact case. If r\M has one cusp, the space 
L2(r\]HI) has the orthogonal decomposition (cf. [llj, Thm. 7.3., p. 103) 

(2.39) L2(r\H) = E{r\m) © i?(r\H) ® G^(r\H). 

Here i?(r\H) is the space spanned by a finite number of residues of the Eisenstein series {it-j}j£i in 
the interval [0, 1]. G^gp(r\M) is spanned by an orthonormal basis of cusp forms {uj}j>o and i?(r\H) 
is the space of incomplete Eisenstein series. 
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Any tp <E L^(r\H) has the expansion 

1 

(2.40) ^{z) = — a{p)E{z,\+ip)dp+ ^ ajU,{z), 

^ -'^ j>-M 

where 

(2.41) a{p)^{ij,E{;^ + ip)) 
and 

(2.42) a,={i:,uj) 
which converges in the L^-sense 

(2.43) 11^11' = ^/ W{p)\'dp+ \a,\'<+^ 

The spectrum of the Laplacian on a non-compact quotient T\M with a single cusp is therefore given 
by the union [|,oo) U U {Xj}j°^Q of the continuous part corresponding to Eisenstein series 

along the critical line, the residual part and the cuspidal part of the discrete spectrum. 

Formally the space has the decomposition 



(2.44) = E^^,„ (r\H) ® R^,,„ (r\H) ® C^,,„ (r\EI) 

where _E^_2Q(r\H) is the perturbative analogue of the space of incomplete Eisenstein series (which we 
will not discuss in this paper) and R,p,zo (r\EI) is spanned by a finite number of perturbed residual 
Maass forms. Ci^^zq (r\H) decomposes into eigenspaces of cusp forms and 'pseudo' cusp forms which 
have a logarithmic singularity at zq 

(2.45) c^^,.o(r\H) = 0i?,,(r\H) © 0£;^„(r\H). 

i 3 

Here i?A;(r\H) denotes an eigenspace corresponding to a degenerate eigenvalue of the Laplacian, 
whereas Exa (r\H) denotes an eigenspace corresponding to a new eigenvalue. The eigenspace E\. {T\S) 
has dimension m—1 if m is the multiplicity of the eigenvalue \j and there is at least one eigenfunction 
in (r\]HI) that doesn't vanish at zq. Otherwise it has dimension m. The eigenspaces iJA°(r\IHI) are 
all of dimension one. Consult sections 2 and 3 in [4] for details. In the proof of Theorem [TT] we derive 
the crucial link between the relative zeta function and the old and new eigenvalues of A and ^a,zo ■ 
Whereas the poles of the relative zeta function on the real and critical lines correspond to the old 
eigenvalues its zeros, and in particular those characterised by (I3.43p . correspond to new eigenvalues. 
The residual spectrum of ^a.zo in fact interlaces with the residual spectrum of A 

(2.46) XIm < = A_M < X-M+i < • • • < A^i < A„i < i 

and the associated eigenfunctions correspond to residues of the perturbed Eisenstein series if E{zo,Sj) ^ 
0, which is a consequence of the form of the perturbed Eisenstein series which we will determine in 
section 7 as scattering solutions of A„ on r\M. The perturbed Eisenstein series turn out to be 
singular perturbations of the original Eisenstein series and feature a logarithmic singularity at zq. 

3. The relative zeta function 

In this section we determine a meromorphic function Sa,zo (s) which contains in form of its zeros 
and poles all the information about the perturbed and unperturbed discrete spectrum. In section 9 we 
will see that Sa,zo (s) has an interpretation as the quotient of a perturbed zeta function and Selberg's 
zeta function. The following is an analogue of Hilbert's formula for the iterated resolvent in terms of 
Green's functions. 

Lemma 5. Let rj — t{l — t), A = s (1 — s). The following identity holds 
(3.1) (A + A) {Gl i;zo) - i;zo)) = (r? - A) G^ i;zo) . 
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Proof. We have the following chain of identities straight from the definition of the Green's function, 

(3.2) (A + A) Gli-, zo) = S,, = {A + 7^)0^-, zo) = (A + A)Gf (., z„) + {rj - A)Gf (•, zq)- 

□ 

For Rc s > 1 we introduce the function 

(3.3) Sa.zois) = oT^ + lim {G\{z, zq) - \G\[z, zq) - \G\{z, zq)), 

which is well defined since the sum over the group elements is well known to converge absolutely for 
Res > 1. Next we state some important properties of Sa^zai^s). 

Proposition 6. We have the following functional equations. 

(a) // T\M is compact, then 

(3.4) Sa,zo{s) = Sa,zo{^ - s). 

(b) // T\M has one cusp, then 

E{za,s)E{zo,l~s) 



(3.5) 



,(s) = Sa,z„{l - S) - 



1 - 2s 

Proof, (a) The identity p.4p follows straightaway from the spectral expansion of the automorphic 
Green function which gives 



(3.6) 



\j - <(1 - t) 



(b) The automorphic Green function satisfies the functional equation 



(3.7) 



G\^s{z-,zo) = G^(z,zo) 



E{zo,s)E{z,l- s) 



1 - 2s 

The result is obtained by subtracting ^{G\{z,zq) + G['(z,zo)) on both sides and taking the limit as 

Z — )■ Zq. □ 

Proposition 7. Sa,zo{s) has a meromorphic continuation to the whole ofC 

Proof. If T\M is compact the meromorphic continuation is immediately obtained from (j3.6l) . So suppose 
for the remainder of the proof that r\IHI has a cusp. The meromorphic continuation can be constructed 
from the spectral expansion of the automorphic Green function (cf. Thm. 3.5, p. 250 [9b]), which is 
valid for Re s > ^ . We obtain the meromorphic continuation to the critical line via contour integration. 
Let Res > i, Ims > 0. 

(3.8) 



Sa,zo{s) = a ^ + IVj(2o)|^ 

j>-M 



Aj - s(l - s) 



Re 



1 



Aj - <(1 - t) 



Sis) 
1 

2^ 



r(. 



where r(s) 
(3.9) 
and 
(3.10) 



E{zo, s)E{zn, 1 - s) 
1 - 2s 

E{zo, I + iw)E{zo, I - iw 
. is defined by 

u — ie(u) 

T{s)iu) 



S{s) = 



s(l 



Re 



1 



t{l-t) 



dw 
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where e : IR.+ — ?> R+, lim„^oo £{u) = is a smooth function such that the region ^ < Res < e(Ims) 
contains no poles of the Eisenstein series. We obtain the meromorphic continuation to the fuU complex 
plane from the functional equation (|3.5I) . □ 

In the previous section we saw that the discrete spectrum of ^a.zo consists of two parts: degenerate 
eigenvalues of the Laplacian (if any) that are inherited by Aq.^q, and new eigenvalues. We refer to 
the latter part of the discrete spectrum of A„_2(, as the new part. Sa^zois) contains information about 
these eigenvalues in form of its zeros. 

Proposition 8. We have the following spectral interpretation of zeros of Sa.zo{s)- 

(a) // r\H is compact, then A = s(l — s) is in the new part of the discrete spectrum of A^^zo 
and only if S'q,z(,(s) = 0. 

(b) //r\H has one cusp, then A = s(l — s) is in the new part of the discrete spectrum o/ Aq, if, 
and only if, Sa,zo{^'') = andKcs > i. Zeros of Sa,za{s) m Re s < ^ correspond to resonances. 

The corresponding eigenf unctions are given by automorphic Green functions G\{-,zq). 

Proof, (a) and (b). Let A = s(l — s) and 77 = t{\ ~ t). Assume that fg g D;^(ct) C L^(r\]HI) is an 
eigenfunction of Aq ^q with eigenvalue A and that A does not lie in the discrete spectrum of A. By 
definition 

(3.11) (A„,,„ + A)/, = 0. 
We may write equivalently, using the decomposition of Dip{a)-, 

(3.12) (A + \)g + c(A - ^)G\{■, zq) + ce"^(A - r7)G[(-, ^0) = 0. 
Applying the resolvent on both sides we get 

(3.13) gs + c^^G^{;zo) + ce'^^^Gj^(, zo) = 0, 
and using Lemma [5] we rewrite this as 

(3.14) 5, + c(Gf (•, zo) - Gr(-, zo)) + ce'^{G\{;zo) - G^(., zo)) = 0. 
We take the limit as z zo and obtain 

(3.15) cA{s,t)+ce'^A{s,t)=0. 

At this point we can divide by c since c 7^ 0. To see this suppose the contrary. It follows that 
f = g & Dq. Therefore = (A^^z^ + A)/s = (A + X)fs which contradicts the assumption that A does 
not lie in the discrete spectrum of A. After dividing we have 

(3.16) A{s,t) +e''^A{s,t) =0, 
which we rewrite as 

(3.17) lim (G^ - ^{G^ + G^'})(z, zq) - i tan ^A{t, t) = 0. 
Finally, using p.35p . 

(3.18) lim (Gf - UG^ + G?})(z, zo) + a'^ = 0. 

Let us now assume that Sa^zois) = and, if r\M. has a cusp, Res > i. We claim that G^{-,zq) is 
an eigenfunction of Aa^zo- We have the decomposition 

(3.19) Gliz, zo) = Yrh^ {^"' + + ^"'^"^GFIz, zo)} , 
where we have introduced 

(3.20) 5„,z„(z, s) - {Gl - G^){z,zo) + e''^(")(G^ - Gr)(z,zo). 
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We see from ()3.16|) and p.l7|) that liuiz^zo Sa,zo{z,s) — Sa,zo{s) = 0. So G^{-,zq) € D^p^a)- In the 
above decomposition we muhiply through by 1 + e"^*^") and by definition of ^a.zo obtain 

(3.21) (1 + e''^("))(A„,,„ + A)G^(., zq) = (A + A)5„.,„(-, s) + {\- 7y)Gj^(., zq) + e'^(")(A - Ty)^?^!-, ^o). 
We apply Lemma [S] to see 

(3.22) (A + \)S^^z,{;s) = (77 - A)G[(-, zo) + ^'^^'^Kv - ^0) 
which imphes 

(3.23) (1 + e"^("))(A„,,„ + A)G^(., zo) = 0. 

It follows (A„,^o + A)G^(-, zo) = since 1 + e'-^f") 7^ 0. 

(b) If r\E[ has one cusp, then the zeroth Fourier coefficient of Gf (•, Zq) is given by (1— 2s)~-'^£^(zo, s)y^~'^ 
and we see straightaway that s > ^ implies G^ (•, zq) € i^(r\H). We shall see in the proof of Lemma 
[11] that for Res = ^, Sa,zo{s) = implies £'(zo,s) = 0, so G^(-,zo) G i^(r\EI) since it is a cusp 
form of Aa^zp. It also follows for Res = ^ that Gs(-,zo) = G^_^(-,zo) by the functional equation 
Gf (^zo) - G[_^(-,zo) = (1 - 2s)-^{E{zo,s)E{z,l- s)). If Res < i it follows from the form of the 
zeroth Fourier coefficient of G^(-,zo) that Gs(-,zo) ^ i^(r\H). Thus zeros of Sa,zo{s) in Res < \ 
correspond to resonances. □ 

Define 

(3.24) T={7Gr|7Zo = zo}. 

I = {id} unless zq is an elliptic fixed point in which case T equals the finite cyclic group generated by 
the corresponding elliptic group element. We can write Sa,zo{s) in a more convenient form if Re s > 1. 

Proposition 9. Let Res > 1. Sa,za{s) can he written in the form 

(3.25) 5„,,„(s) =/3-i+m7A(s)+ ^ G, 

7er\i 

where 13 — /3(a) and m = \X\. 

Proof. It can be seen (cf. [H], p. 17, (116-18)) that 

(3.26) V(s) - ^(t) - lim (G.(z, zq) - Gt(z, zo)). 



where ip — {2tt) ^F/F'. From the definition of Sa.zois) we have for Res > 1 
Sa,zois) =a^^+ lim (G^(z,zo) - iGj'(z,zo) - iGf (z,zo)) 

^^•^^^ =a-i + |I|V(s)-|I|ReV(t)+ ^ {G,(zo,7^o)-ReGt(zo,7^o)} 

7er\i 

and we let 

(3.28) c{t) ^\I\Re4,{t)+Re Gt(zo,7^o). 

7er\i 

At this point we choose to reparameterise the coupling constant a according to 

(3.29) - c{t) = 
or 

(3.30) f3^ " 

1 — ac(t) 

We obtain the expression 

(3.31) ^„,,„(s)=/3-i + |I|V(s)+ Gsizo,jzo) 

7er\i 

for Res > 1. □ 
We have a uniform bound on the geometrical terms in the function S°''^"{s) for Res > 1. 
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Lemma 10. For all p & C with Imp = —a < — ^ we have the uniform bound 



(3.32) 



E 

7Gr\i 



2-l-ip 



«r,zo 



-1/2 



Proof. Let tq = mf{d{'-fZo, zq) \ 7 £ r\I}. Discreteness of F implies tq > 0. We will make use of the 
integral representation of the free Green's function 

e-'P*dt 



(3.33) 

which is valid for Im p < — ^ . We have 



Gi . {z,w) ~ . 

2+''' 2tt\/2 Jd{z,w) \/ cosh t — cosh d{z,w) 



E 

7er\i 



2 P 



< 



(3.34) 



27rV2 
1 

~ 2ttV2 

< a 



E 

7er\i 

E e- 

7er\i 

1 



cosh t — cosh Tj 



*dt 



27r\/2sinhro 



-\/cosh(i + r^) — coshi 

e" 



c(r,zo)^-'/' 



since for i > and any 7 e r\I 
(3.35) sinhro < sinhr^ < 



27r\/ 47r sinh tq 

COSh(T-y + t) — cosh T-y 



and where — cr < e < — 1 such that 
(3.36) 



E ^ 

76r\i 



E^ 

7Gr\i 



where for r < ^to, cf. Lemma 5 in |13| . p. 19, 



(3.37) 



27re- 



-27rer /•oo 



Area(r) 7o 



e*^"^ sinh rdr. 



□ 



'S'c(,2o('5) contains all information about the unperturbed and perturbed discrete spectrum, as well as 
unperturbed and perturbed resonances in form of its poles and zeros. The following Theorem locates 
those and gives their spectral interpretation. 

Theorem 11. Sa.zoi-^) ^^.^ the following zeros and poles. 



(a) Suppose r\H is compact. 

(i) There are simple poles at ^ + ipj and i — ip^ corresponding to eigenvalues \j = j + p'j , 
Pj e MU iM. 

(ii) There are simple zeros at ^ + ip" and ^ — ip" , located in between the poles above, corre- 
sponding to perturbed eigenvalues X J ^ j+ p"^, p" e M U iM. In particular one has for 
the lowest perturbed eigenvalue \ Ini pg | > ^ . 

(b) Suppose T\M has one cusp. 

(i) Res > 1; There is a zero of order one at ^ + (j — ^-aiY^^ corresponding to the lowest 
perturbed eigenvalue X^m < 0- 

(ii) ^ < Res < 1; We have zeros of order one and simple poles in (5,1] corresponding to 
perturbed and unperturbed eigenvalues < j. 
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(iii) Re s = .' There are simple poles corresponding to unperturbed eigenvalues > ^ and a 
pole at s = ^ which is of order 2 if X = j is in the discrete spectrum, otherwise it is 
simple. We also have zeros of order one corresponding to solutions of E{zo, ^ + it) = A 
Re{S'"'^°(i + = 0, i. e. new eigenvalues. 

(iv) Res < i; We have zeros corresponding to perturbed resonances and poles corresponding 
to unperturbed resonances. There are also simple poles in [0, ^) which correspond to the 
small eigenvalues as in (m). 

Proof (a) We have from dSS]), for t(l - t) 

(3.38) ^a,zo(i+ip) 

and, for p G M U iM, and depending on whether p = v ot p = iv, for v e 

(3.39) ^5„.,„(i+ip(T;))=±T; ^ 




dv "''"^^ '^^ " ^ (p?±«2)2 

which shows that the zeros of 5'q..z(, (s) he in between the poles on the critical line and the real line. In 



particular one has | Im/3"^| > | Imp. 

(b) It can be seen from its meromorphic continuation that the regularised automorphic Green's 
function (Gf — G^){z,'w) has simple poles corresponding to the eigenvalues of the Laplacian on the 
critical line and the interval [0,1], as well as simple poles corresponding to the resonances of the 
Laplacian in Res < i. If A = ^ is an eigenvalue then it follows that G^{z,w) has a pole of order 2 
at s = i and otherwise a simple pole (cf. [11], p. 124-125, Thm. 9.2.). The function Sa,z(,{s) inherits 
these poles. See for instance Thm. 3.5, p. 250, in |9b| . 

We proceed with locating the zeros of S'a,zo(s)- The proof of Proposition [S] shows that the zeros of 
Sa,zo{s) correspond to eigenfunctions of Aa.zo- If Res > ^ the zeros correspond to new eigenvalues 
and the corresponding eigenfunctions are in L2(r\H) and so self-adjointness of ^a.zo rules out any 
zeros s in Res > ^, Ims ^ 0. However, if Res < ^ the zeros correspond to resonances and generalised 
non-L^ eigenfunctions which may have Ims ^ 0. 

Let us consider the critical line. We recall that Sa,zo{s) satisfies the functional equation 

E{zq, s)E(zq, 1 - s) 



(3.40) S^,z„{s) ^ S^,z„{l - s) - 



1 - 2s 



Now letting s = ^ + it, i G M, we compute the imaginary part of Sa. zo (5 + 

(3.41) Im {5„.,„(i + ii)} = ^ {^"-^"(l + - ^a,.o(^ - i*)} = 
and write 

(3.42) 5„,.„(i+it) = Re{5„,,„(i + it)} +i^^^^^^J^^i 
so, since a is real, Sa^ zo (s) ti&s a zero ^ + it on the critical line if and only if 

(3.43) E{zQ,\+it) = A ^e{S^^zo{h + '^i)] = 0- 

Let Pa,zo be a solution to the above equation. We recall the spectral expansion of the automorphic 
Green's function for Re s > ^ 



.0 ... , ^ 1 r E{z,\+ip')E{w,l^\p') , ^ v,{z)v,{w) 
(3.44) w) — / -5 ^ dp + > -^'-^ — — , 



where {'^j}^^M orthonormal basis of Maass forms. Since we have 
(3.45) — |p^^^_^^Re{5„,,„(i+ip)} = — — / — -^^-—^dp + 2p, \ 



3= 
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which shows that Pa.zQ must be a zero of order one. 

Now let us look at zeros on the real line. Let p = — iw, w > to ensure s — ^ + v > i. We obtain 
for the derivative of Sa,zo{\ + v) with respect to v 



(3.46) x:^",-o(o+^) = -r / ^:jrvz?K^'^P ~ 1^ 



dv "'""'2 ' Trio (/9'2+w2)2 ^ ^£^^^p2+y2Y 



Since Sa,zo{\ + f ) is a real function on the real line, has poles in the interval [0, i] and is monotonic 
in between these poles, we conclude that it must take its zeros in between these poles. Since lim.u^+oo 
\S{\ -\-v)\ =00 there is a zero of order one at pl^ > P-M- Because of monotonicity of 5*0,20 (5 + on 
the half-line (^,00) we conclude that there are only finitely many zeros in Res > ^. They correspond 
to perturbed eigenvalues less than -j. As we will see later the corresponding eigenfunctions, which are 
automorphic Green's functions, are residues of the perturbed Eisenstein series unless E(zo, ^ + v) = 0. 

With regard to zeros in (—00, ^) no such argument works, since the spectral expansion is not valid. 
Such zeros correspond to perturbed resonances if E{zq,s) 7^ since the associated Green's functions 
fail to be in L^(r\]HI). If E{zq, s) = the zero corresponds to a zero 1 — s G (i, cxi) since the functional 
equation for Sa,zo{s) implies Sa.zoi^) = Sa,zo{^ ~ s). □ 

For the remainder of this section we will be concerned with noncompact r\EI. 

Remark 11.1. It is an interesting question to ask how the zeros of Sa,zois), which correspond to 
eigenvalues or resonances, behave under continuous perturbation of the pair (a, zq) G (K\{0}) x r\ElI. 
In view of the Phillips-Sarnak conjecture for smooth perturbations of the metric (cf. [15^) the case of 
eigenvalues of pseudo cusp forms which correspond to zeros on the critical line is particularly interesting. 
One can see (but we will not give a proof) from the dependence of Sa,zo{s) on (a, zq) that under 
continous perturbations of (a, zq) in (R\{0}) x r\H the zeros of Sa,zo{-^) depend continously on (a, zq). 
Because of self-adjointness of Aa^zo and the condition ReSa,zo{^ + it) = A E{zo, 5 + ii) = for 
the existence of pseudo cusp forms the corresponding zeros will move continuously into the halfplane 
Res < i under continuous perturbations about non-generic points in (M\{0}) x r\M for which pseudo 
cusp forms exist. So the associated eigenvalues turn into resonances. 

Colin de Verdiere observes in [3] that for almost all pairs (a, zq) G (M\{0}) x r\M. the new cuspidal 
part of the perturbed discrete spectrum is empty. We easily confirm this from the particular form of 
the relative zeta function Sa.zo (s) on the critical line. 

Proposition 12. The equation 

(3.47) E{zo,^ + ir) = ARe{Sa,,,{^+ir)} ^0, r G R, 
has no solutions for almost all (a, zq) G (IR.\{0}) x T\M. 

Proof Fix Zq G r\H. Let 

(3.48) - {r G M I S(zo, ^ + ir) = 0} 
which is countable since E(zq, s) is meromorphic in s. Also let 

(3.49) g{r) = Re lim {G[/^+,, - ^Gf - ^G^}{z, zo). 

We define 

(3.50) A,, = {-.g(r)-i | r G A g{r) ^ 0}, 

and claim that for any a ^ Azg U {0} equation p.47p has no solution. To see this suppose the contrary. 
So there exists tq G M such that E{zo, ^ + iro) = and g(ro) — — which leads to a contradiction 
since a ^ A^g . The result follows since Az„ is countable. □ 

Remark 12.1. It seems very likely that even for a G Azg the new part of the perturbed cuspidal 
spectrum is always finite. This is motivated from the intuition that g cannot map an infinite subset 
of Azg to {~a~^} C R\{0}. We point out the analogy with the Phillips-Sarnak- Conjecture [15 for 
smooth perturbations of the metric of a hyperbolic surface. 
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Remark 12.2. In what follows we will denote the small unperturbed eigenvalues by {pj^Sm^ 7 the large 
unperturbed eigenvalues by {pj j^o- Similarly we write for the small and large perturbed eigenvalues 
{pfVSM^ and {pf}]- The unperturbed resonances we denote by {?'j}°^Q and the perturbed resonances 
by {r^}T=o- 

4. The trace formula for compact surfaces 

In this section we will give the proof of Theorem[T] Throughout the proof we will count the perturbed 
and unperturbed eigenvalues ignoring degeneracies to keep notation simple. Since in Theorem [T] only 
the difference of perturbed and unperturbed trace appears it does not matter whether one counts 
degeneracies (cf. section 2.3. which explains this in the noncompact case and holds analogously in the 
compact case). 

Let r\M be compact. We first prove a truncated trace formula. Recall 

•-^ ' lim {^^^~ ~ ^ D„^r^ 

z^za 



(4.1) Sa,zo (s) = + lim {Gf (z, zq) - Re (z, z„)}. 



Proposition 13. Let h G H^ g and T > 0. Define 

(4.2) B{T) = {peC \ \ lmp\ < a, |Rep| <T}. 



Then 



(4.3) 



^ Mp")- E Hp,)-^ [ '"^"^ Hp)^i^ + ip)dp 



-ia-T '~'a,zo 

1 . , . s'^ 

Proof. Let i = i + i^. Since r\H is compact, we have for an orthonormal basis of eigenfunctions of the 
Laplacian {fjyj^Q the spectral expansion 



1 ricr+T 0/ 
^ h{p)^{\+\p)dp. 



(4.4) ^...„(i+ip) = a-i+ ^^J^^.(zo)|2|____Re|-^||. 

We obtain the result by contour integration along dB{T). □ 
In order to prove the full trace formula we must show 

/iCT+T gi 
h{p)^C^ + ip)dp^o 

for T such that dB{T) does not contain any zeros or poles of Sa,zo- 
We require the following bound. 

Proposition 14. There exists an increasing sequence {r„}^Q, such that lim„_>oo r„ = +00, and for 
any e > 

/•io-+T„ 

(4.6) / |iog|5„^.„(i + ip)||Mp| 

J-i(T+T„ 

In order to prove Proposition [T3] we require a bound on the relative zeta function on a sequence of 
intervals [Tn — ia, Tm + itr] crossing the strip | Im p| < a. In fact Sa,zo{\ + ip) admits a uniform bound 
of polynomial growth for a suitably chosen sequence of intervals. 

Proposition 15. Let rj (z C. Then 3{Tn}]\[ in M+, IuhnTn = +00 such that uniformly V7V, Vi G 
[~a, a] 

1 1 



(4.7) E l^^(^o)|^ 

j>-M 

where p^it) = j + (Tn + itf. 



Xj ~ PNit) Xj~ri 
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Before we give the proof of Proposition [15] we state a Lemma which wih play a central role in the 
proof. 

Lemma 16. Let {y^jlj be the set of eigenf unctions on T\M with (A + Xj)ipj ~ 0. Then there exists a 
subsequence {A^^j^g C {Aj}°°^q and a constant Cq{T) > s. t. \Xj^.+i ~ \ > Cq(T). 

Proof. We have the standard upper bound on the number of eigenvalues #{j | Xj < T} < c{T)T for 
some constant c(r) > 0. Let co(r) = ■|c(r)~^. Pick any X^ > co(r)- If |A„i — A„j+i| > A„j then 
choose Ajj = Xni to be the first member of our subsequence and proceed according to the last line of 
this proof. So suppose that |A„j — A„j+i| < A„j. We claim that there exists Ajj G [A„j,2A„j] s. t. 

^ -^ii+il — co(r) = ^c{T)^^. To see this suppose the contrary for a contradiction. So suppose that 
for all Xj e [A„i, 2A„J we have \Xj — Xj+i \ < co(r). Let 

(4.8) A„iaj;,i = min{A-, | A-, > 2A„J. 

We have the estimate 

|A„i — A„iaa;,l| < \Xj — Aj + i| 

<co(r)#{j I X, € [A„,,2A„J} 
< 2co(r)c(r)A„, = |A„, 



(4.9) 



Which is a contradiction |A„j — A„iaa;,i| > |2A„^ — A„J = A„j. We conclude that there must exist 
Aji e [A„i,2A„J s. t. \Xj^ - Aji+il > co(r). 

Pick A„2 > 2A„j and proceed as above. We can continue this procedure indefinitely and in such a 
way construct the sequence {Aj,.}^q C {pj}^o with the desired property. □ 

We apply Lemma [TBI to prove the Proposition. 

Proof of Provosition l_?5[ By Lemma 1161 we can choose an infinite sequence Tjv — \{pn + Pn+i} 
with T^^ « \pN - PN+i\- Let p.N{t) = \ + [Tn + \tf, t e [-cr,0]. We have 

(4.10) E lv.(^o)|^ - A-^ « "'^ - ^ ' 



-M 



I^J -/^A^WPj -'71 



where we have used the bound |(Pj(zo)P « A^^^ (cf. [H], P- 108, (8.3')). Fix P € (5, 1). We split the 
sum into a central part satisfying inf jg[_o._o] \Xj — pN{t)\ < A^ and a corresponding tail. For convenience 
we let lN{Xj) — inftg[_cr 0] \Xj — p,N{t)\. The first sum is estimated by 
(4.11) 

/ TTTT. r < #1? I iNiXj ) < A^j max sup < 7-rrn r r ■ 

r " ^ /«(A,)<Af te[-^,o]l|A, -/iiv(t)||A,-r/|/ 



Now if Aj > i + then In{Xj) = A^ - i - T^. It follows 

(4.12) #0' I /^(A,) < Af } <#{j I A, < i + r^,} + #{j I A, - Af < i + } 
Let 

(4.13) C(/3) = #{j I A, < 2i/(i-^)} 



and observe that Xj > 21/(1"'') jnipiies A^"^ < i. So A^ > 2^/^^-l^'> together with Aj(l-A^"^) < i+Tj 
implies 



(4.14) A, <2A,(l-Af-i)<i + 2r, 
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Hence 

#{j I A,(l - Af-i) <\+n}< #{j I A, < 2V(i-« A A,(l - Af-i) <\+Tl} 

+ #0' I A, > 2V(i-« A A,(l - Af-i) <\+n) 

< CW) + #{J I 2i/(i-« < A, < i + } 
<C(/3) + ic + 2cT2. 

It follows that 

(4.16) #{J I /iv(A,) < Af } «^ Tl 

By the same observations as above we see that /(Aj) < Af implies Aj < max{2i/(i-^), i + 2T2r}. Also 
for any j > we have \pj — Tn \ > ^\pn — Pn+i\ y> which implies 

|A, - ^iN{t)\ = \p] - [Tn + itf\ = \pj -Tn- it\\pj +Tm + it\ 

(4.17) >\Pj-Tn\{pj+Tn) 

» 1. 



Since \Xj — 77I > | Imryj > we have 



(4.18) max sup <^ f— : ^ «„ Tn- 

/iv(A,)<Af teh<T,o] [ |Aj - Mw(i)l|Aj - r/| J 

The tail can be bounded as follows 

^1/2 A^/^"'^ 

, , .(.E^ |A.-Mt)l|A.-.|- 

4.19) ' ^ ^ ' ^ 

<y TT r < +00. 



Finally note that \pN{t) — rj] «r; 7j 



AT- 



□ 



The following Lemma establishes the existence of a test function in the space H^ g with certain 
properties which we will use in the proof of Proposition [14] as well as in the proof of the noncompact 
case. 

Lemma 17. Let e > 0. There exists he G i?cr,5 such that 



(4.20) Kip)^h,{p) 

and for some subsequence {Tatq^Ij C {Tj\j}j\j, limj_j.oo TVo) = 00 and p e [T^tq), T7v(j) — ia] 

(4.21) \Reh'e{p)\»T~l-^ 
uniformly in j and p. 

Proof. Since limj-^00 TV = 00, we can pick a subsequence {Tf^ik)}^^! ^ {'^n}n=i s^'^ch that 2"^^^"^ < 
TN{k) + 1 < 2"(''' for some integer n{k) > 1 with n{k + 1) > n{k) + 1 for aU fc > 1. Now let o-q > cr 
and consider the test function 



00 f 
/i,(p) =^2-"W(^+^) 

(4.22) ^=^=1 



1 1 

+ 



{P - TN{k) - 1 - io-o)* {p - TN(k) - 1 + ic^o)'^ 
1 1 



(P + r7v(fc) + 1 + 1(70)* {p + T^ik) + 1 - if^oY 
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By construction the property (|4.20p is fulfilled, he is even and analytic in the strip Imp < a. We 
will show that it also satisfies he{p) « (1 + | Rep|)~^~'^ uniformly in the strip Imp < a. Because of 
evenness we only have to prove the bound for Re p > 0. We have 

(4.23) < 2|2-«<-. + tJT^-^w^} ■ 

We will estimate the two parts separately. For the second sum we have 



oc 



1 1 

E2-n(fc)(2+e) i ^ 2-"('=)(2+c). 

U 4- T,,,. > -I- 1 ^ in-„|4 - I 



|p + Tjv(fc) + l + ic7o|4 (Rep + TNik) + iy 

(4.24) 



<|Repr4^2-'= 



(2+e 

fe=l 



The first sum is more difficult to estimate. Since is analytic in the strip Im p < cr it suffices to prove 
the bound for Rep > 1. So there exist and integer j >1 such that 2^^^ < Rep < 2-'. We obtain 



^ 1/5 -T^m - l + ian|4 " I 



1 



(4.25) n{k)^]-l,3,] + l \ / > 

2(-J + l)(2+e) ^ 2--''(2+«) + 2-(^ + l)(2+") 

|Imp + (To|^ ■ 

Now, since Rep > 2^~^ and | Imp| < cr < <jq, 

2(-J + l)(2+e) , 2-j(2+e) + 2-(^ + l)(2+e) o 

(4-26) ^ ^/ ^ ,t < ^^^I|Rep|-2-^ 

(Inip + CTo)^ (cto-ct)-* 

Next we estimate the sum. First observe that for n(k) < j — 2 

(4.27) |T^(fe) + 1 - Rep| > 2^-^ - 2"''=) = 2^-\l - 2"(''-)-^'+i) > 2^'^^ 
and for n(fc) > j + 2 

(4.28) |Tjv(fc) + 1 - Rep| > 2"('=)-i - 2^ = 23(2"^k)-j-i _ -^^ > 2^', 
which implies 

2-"('=)(2+e) I <2^-^^ 2""('=)(2+e) 

.^■T"--^i |Rep-T^(fc)-l|4 - 

oo 

(2+«) 



(4.29) <2«-4^^2-^- 

OO 

<24|Rcp|-4^2-^-(2+^) 



A;=l 



Next we prove that for p e [T^tq), Tjv(j) — tri] we have the lower bound Keh'^{p) » T^jv^)^ uniformly 
in J and p. We have 



/i^(p) = -4;^2-"«(2+oJ 
(4.30) 



OO ^ ^ ^ 



(P - - I - io-o)'"^ {p - TN{k) - 1 + ic^o)^ 



1 1 

+ 



{p + TN(k) + 1 + ic^o)^ (p + Tr^(k) + 1 - ic^o)' 
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Since 



(4.31) 



Re 



1 



(Rcp-rjv(fc)-l)5 



((Rep-T^,(fc)-l)2 + (Imp-ao)2)5 
10(Rep-rAr(fc) -l)=^(Imp-ao)^ 
((Re p - TNik) - 1)2 + (Imp - <Jo)^)^ 

5(Rep- Tjv(fc) - l){lmp- ap)* 
((Rep-Tjv(fc)-l)2 + (Imp-ao)2)5 



we have for p e [TN{j),TM{j)~ 



^2-"('=)(2+^) Re 



fc=i 



(P - ^^(fe) - 1 - i(To)' 



(4.32) 



1 + 10(Imp - cro)2 + 5(Imp - ctq)^ 



Now it follows from ()4.3ip and Re p = '^N(j) that 

1 



(l + (Imp-ao)2)5 
1 



(4.33) 
and thus 

(4.34) 



Re 



« |Tjv(i) ^ Tjv(fe)-il ^ 



To bound this we distinguish two cases. First assume j > k. Then n{j) > n{k) + 1 and in particular 
n{j) > 2. So we have TN(^k) + 1 < 2"('=) < 2"(j)-i - 1 < Tn{j). This implies 

(4.35) |T^,(fc) + 1 - rA,(j-)| > 2"^3)-i _ 2"(fc) _ i ^ 2"(^')-i(l - 2"('=)-"(j)+i - 2-"(^')+i) > 2"(j)-3. 

Now assume j < k. Then n{k) > n{j) + 1. In this case we have Tn(j) < 2"^^) - 1 < 2"(^) < 2"('=)-i < 
TN{k) + 1- This implies 

(4.36) |T^(fc) + 1 - Tn^j^I > 2"('=)~i - 2"^^) = 2"(j')(2"('=)-"(^')"i) - 1) > 2"(^'). 
It follows from Tnu) > 2"(j)-i - 1 > 2"(j)-2 (^j, > 2) that 

00 

(4.37) ^2-"W(2+.)|y^^^.^ _ j,^^^^_^|-5 < 2i52-5»0)^2-"«(2+e) < 2i^Tj^[;.) ^ 2-'=(2+.). 
So for large lAr(j) we have 

1 



(4.38) 



^ 2-"('=)(2+^) Re 



2-n(i)(2+e) 



1 + 10(Imp - apf + 5(Imp - q-q)^ 
(l + (Imp-CTo)2)5 



0(t4,) 



and thus, since Tn(^j) < 2"(^) - 1 < 2"^^\ 

(4 39) 2-"^^»2+^> ^ ^ 10(Imp - ag)^ + 5(Imp - ctq) 
^ ■ ^ (l + (Imp-ao)2)5 

which implies together with (|4.38l) 



(l + 4a2).5 



(4.40) 



^2-«W(2+ORe 



fc=i 



(/O - TN(k) - 1 - io-o)' 



» T 
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uniformly in j and p. The other three terms in ()4.30|) can be estimated in an analogous way. It follows 
that for T/v(j) large and p € [T^vO), Tatq) — icr] we have | Re h[{p)\ "^nIj)^ uniformly in j and p. □ 

We can now use Lemma [T7] to prove the Proposition. 

Proof of Propositionim There exists (cf. PropositionlTCI) {TjvjJ^o such that \Sa,zoi^+^P)\ < c(r)r^ 
for p e [Tn, Tn - io-]. We conclude from that 

(4.41) hm r^'''' h{p)^{\+\p)dp 

exists. Now arg{Sa,zo{^ + ip)) <2C 1 along the edges of B(T) because the winding number about the 
poles is less than 1. Thus, for ^ oo, 

(4.42) log5„,,„(i ±a + iT^) « log ± <j + ITn)] loglogTAr 
which follows from 



^\So.,zo{^ + (J + iT^)\^logTN. 
Since h{zLia + Tjv) <5< Tj^^^^, we conclude by integration by parts that 

(4.44) Jim / h'ip)\og\S^,,,{^+ip)\dp 

exists. Now we know (cf. Lemma flT)) that there is a subsequence {r;v(j)}j C {Tn}n and e iJo- 
such that 

(4.45) Kip) = -Kip) 
and for p G [T^q), Tjv(j) — icr] we have 

(4.46) ReKip)»Ti^l-)'. 
We have, since the integrand is odd and because of (|4.45p . 

Kip) log|5'a,2o(i + ip)|dp 

-i<T + Tjv(3) 

/ +/ U^(p)l0g|5„,.,(i+ip)|dp 

Re;i;(p)log|5„,^„(i + ip)|dp. 
Since | Re/ij(p)| « (1 + | Rep|)"^~'' we conclude that 

(4.48) Inn / Re/i^(p) log {c(r)-ir^|;.)|^„,,„(i + ip)|} dp 
exists. And since for all p £ \T^(^j\i,T[^(j) — icr] 

(4.49) Re/i^(p)log{c(r)-ir4.)|^„,,„(i +ip)|} < 
we have 

log {c(r)-iT^[;.)|5„,,„(i + a-t + iTjv(,))|} 

(4.50) « / |Re/i^(i(t-a)+rjvo))||logc(r)-iT-(^^.)|5„,,„(i + a-i + iTw(,))||dt 



« 



/ Re/i^(i(t - fj) + rAr(,)) log |5a..o(^ + + iTf^ij))\dt 

JO 



o(r^(2-iogr^(,-)). 
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The first term on the RHS of (|4.50|) converges as j — ?> oo, which implies 



(4.51) 



f log |5„,.o(i + (J-t + iTNU))\dt « T\ 
Jo 



■2+e 



□ 

We can now apply Proposition [T3] to derive the vanishing of the sequence of boundary terms (|7.34p . 
Theorem 18. Let 6,e > and {TN{j)}N{j) above. Then for any h e H„^^^s 

(4.52) hm / h{p)^{l+ip)dp^O. 

Proof. We follow the same lines as in Proposition [TH In exactly the same way as in the proof above 
we obtain the identity (|4.47p for h E Ha+t.s C H^r.s- So 



in^ y +y Wp)-iogs^,^{\^ip)dp 

(4.53) 



:lim / {h'ip)-h'i-p)}log\S^,.,i^+ip)\dp. 

•'-'JV(3)-1CT 



The limit vanishes since 

rTN{j) 



N{i)- 



\{h\p)-h\-p)}\\\og\s^^,,,a + ip)\\\dp\ 



(4.54) 

«T^^U)' |log|^a,.o(i+ip)||dp|. 

T']v(j) -if 

where we have used Proposition 1141 and observe that by Cauchy's theorem h E H^+^.s implies 

(4.55) h'ip) «{l + \Rcp\)-^-^ 

uniformly in | Im p\ < cr. □ 

As an application of Theorem [TH] we can now prove the trace formula. Let h G Ha^s for any c > ^ 
and (5 > 0. We will make a specific choice of cr below. We observe that 

/-ia+T 
h{p)^^{\ + ip)rfp =h{-y<y + T) log (i + G + iT) 

(4.56) -/i(-ia-r)log^o^.„(i + a-iT) 

-i(T+T 

h'{p) \ogSa.zoi^+^P)dp 

and, because of (|7.44p . (|7.24p and the decay of h, 

(4.57) lim h{-ia ± T) log Sa,:,„{\ + cr ± iT) = 0. 
Thus we can take T — > oo in (|4.3p to obtain 

Y — iCT+OO 

(4.58) HPj)- KP3)=-7^ h'{p)\ogS^,,„{\+ip)dp. 

3>'M j>-M ^^J-ia-oo 

where we have used Theorem [181 the existence of the limit (|7.40p and Weyl's law for the unperturbed 
spectrum. 

In order to complete the proof of Theorem [T] we need to expand the RHS of (|4.58p into an identity 
term and difFractive orbit terms. We define 

(4.59) Gl\^{z,w)^ Y Gs{z,iw). 

ier\i 
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In the first term of (I4.58|) we can expand the logarithm in a power series 
(4.60) 



los 



l + m/3^(i + ip)+/3G^\^ (zo,zo) 



log [1 + m/3V(i + ip)] -J2 



( /3G^\^ (zo,^o) 

9+lp 



fc=l 



1 + TO/3-0(5 +i/5) 



This series converges absolutely and uniformly for all p G C with Imp = —a if a is sufficiently large. 
To see this consider the following estimate 



(4.61) 



|/3"i +mi/'(i + (T + it)| 
-\P\~'^ +m\%l){\ + a + it)\ 



>~\P\ '+m|log(i + cr + it 
>_|/3|-i+mIog(i + a) 



o- + it 



n=l 



2n I 1 



(7 + it 



-2n 



2 i + 2tT ^ n! ^2+^^^ • 

n=l 



Since 
(4.62) 



1 + 2(7 ^ n! ^ ^ 



we infer from the above for large enough <J > \ that 



(4.63) 



\p-^ +miP{\ + a + it)\ > g(/3)log(i + cr) 



for some constant < q{P) < m. Combining this with Lemma[TO]we obtain for Im p = —a the estimate 

< 



(4.64) 



2+ip 



l + mPiji^ +ip) 



g(/3)-iG(r,zo) 



(1 +^)i/2iog(i+a)- 



We can now choose (t(/3) > ^ large enough such that 



(4.65) 



(i+a(/3))V2 1og(i + a(/3)) 



< 1 



and (J (13) > |lmp"^j|. This choice ensures that the series (j4.60p converges absolutely and uniformly 
for all p e C with Imp = —a{/3). Let a{P) = (t(/3) + e for some e > and h g H^^ij-^^^. We now have 
for the RHS of (jT^T]) 



1 
27ri 



-l(7+00 



/i(p) 



— icr — 00 



(4.66) 



27ri ^ k 

fe=i 7i,....7fcer\i 



1 + 771/31/^(1 +ip) 

-i5+oo nLiGi (20,7^2:0) 

/l'(p)^ dp. 

-ia^oo (l+ 777/3V'(i+ip))fc 



E 



Substituting the integral representation (j3.33p of the free Green's function and changing order of 
integration gives 



1 
27ri 



„i/3v^'(i +ip) 

h{p) 



(4.67) 



— 1(7— 00 



1 + 777/3V(5 +ip) 



1 (- 



X E 



-ICT + OO /'OO 



/7'(p) 



n 



-iptj 



(1 + 777/3i/;(i + ip))'= ^cosYvtj -coshrj -^^^ 



JJ^ (it j dp 
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Note that we have the bound 



\h'{p)\ 



(4.68) 



ii+m/?v(i+ip)i'= n 



-iptj 



^ cosh tj — cosh Tj 
«e-(-+3)(*i+-+*'=) (l + |Rcp|)-2-^(log|Rep|)-'= 



on the integrand. So we can exchange integration by Fubini's Theorem. RecaU (cf. section 1.2.) that 
the only zero of 1 + m/3V'(^ + ip) in the halflane Im p < is given by p = — if^. So we have by shifting 
the contour from Im p = —a to Imp = —v 



(4.69) 

So (|4?67| equals 
(4.70) 



9l3.k(t) 



27rifc 



-iCT + OO 



-ipt 



{1 + mP^pi^ + ip))' 



:dp. 



1 
27ri 



— l(T-|-00 



Hp) 



m/3V'(^ +ip) 
l + m;3?/'(^+ip) 



dp 



27ri ^ fc 

fc=i 



We have the bound 
(4.71) 



E 

7i,---,7fcer\i-'''i 



OO 

n 



h) 



r, fJi ^/coshtj -coshr, 



27rfc/3feq(/3)fc(log(i + CT))'=' 

We define the subset Tr^zo — {7 ^ r\I | d{zo,'-fZo) < r} of F which is clearly finite because of discrete- 
ness of the group. For some r > we obtain the estimate 



(4.72) 



E 

«r'(9(/3)log(i + '^))"' 

</3-'(9(/3)log(i + '^))"' 
/ g(/3)-iC(F,^o) 



|5/J,fc(*i 



tk)\Un=ldtr. 



Iln=i Vcosht„ - coshT„ 



E 
E 

7er\i 



^/cosh t — cosh 



\J cosh /: — cosh 



</3 



< /3' 



,(i+a)i/2 1og(i+a), 

where we follow the same lines as in the proof of Lemma 1101 So independently of r > the sum over 
fc converges absolutely. Taking r — >■ oo we see that 



(4.73) 



— r"^°°^(^)^W(i+ip^ 
27ri J-ia-oo 1 + m/Sipi^ + ip) 



1 y.(-/3) 
converges absolutely. 



27ri ^ k 

k=l 



■ E 

7i,-,7fcer\i-'^i 



dp 

Tfc rin^l Vcoshin - COShTn 



^») nfc=l '^^n 



5. Perturbed Eisenstein series 

In the remainder of this paper we will be concerned with F\H having a single cusp. The traditional 
Eisenstein series E[z^ s) are generalised eigenfunctions of the Laplacian on such a surface. In analogy 
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with this definition we introduce an analogue of the Eisenstein series for the operator ^a,zo ■ In order 
to admit non-L^ eigenfunctions we enrich the domain D^(^a) of ^a.za by introducing the larger space 

(5.1) Z?* = {/eC2(r\H)|/(zo)=0}, Dl^D^, 

where we have dropped the condition of square-integrability. We introduce the larger domain 

(5.2) Z?;(„) = {g + cG\{-,z^) + ce''^(")G^-(., zo)|.g G DJ, c G C} 
As before ^a,zo acts on / € _D* as 

(5.3) A^/ = A.g - ct(l - t)G\{z, z^) - cf(l - t)c''^G\{z, zq). 
We define the perturbed Eisenstein series on r\H to be the solution to 

(5.4) (A„,,„ + s(l - s)) E '° (z, s) = 0, 
for any s £ C with 

(5.5) E^^^^'{-,s)^Dl^^y 
In the cusp we have the asymptotics 

(5.6) i?"'^°(x + i2/,s) = y^ + ^„,,„(s)yi-^+0(e-2-J^), y ^ oo, 

for some '/^a,zo(^) ^ ^ which will be a meromorphic function in s. A standard argument shows that 
</'q,zo(s) is well-defined: 



Lemma 19. A solution to (|5.4p and (|5.5p wit/i asymptotics (j5.6p uniquely defines the scattering coef- 
ficient ipa,zois). 

Proof. Suppose there exist two solutions F{z, s) and G{z, s) to (|5.4p and (|5.6p with asymptotics 

i^(^, s) = + ^f(s)2/1-^ + 0(c-2-^) 
G{z, s)^y' + VG{s)y'-' + 0(e-2-^') 

in the cusp. Now assume Res > i, Ims > and consider H = F — G. Then H E iJ^(r\H) and 
therefore H e D^(^^y Also (j5.4p implies that is an eigenfunction of Aq.^q with eigenvalue s(l — s) <^ M. 
Because Aq.^q is self-adjoint on D^^i^^y it follows that H{-, s) = 0. In particular 

(5.8) 0= hin [{^Fis)-ipGis))y'~' + Oic''^y)]^ liin [(^^^(s) - (Pg(s))z/-1 

which shows that ipf{s) = fcis) for Res > ^ and Ims > 0. The result follows for all s € C by analytic 
continuation. □ 

We now derive E°''^°{z, s) rigorously and prove a perturbative analogue of the functional equation 
(|3.7p which explains the connection between E°''^°{z,s) and the automorphic Green's function. 

Lemma 20. The perturbed Eisenstein series is given by 

(5.9) ^"{z, s) = E{z, s)~{l + e''^(")} f^^°'/^ G^^, ^o) 



and satisfies in analogy with (13. 7p 

K1n^ ( ^ a i ^r^ , ^ E{z^,s)E^- ^«{z,l - s) 

(5.10) Gi_,(z,zo) = ea.zo{s)G,[z,zo) , 

1 — 2s 

where 

S a, zo (1 



(5.11) ^a,zo(s) 



Sa, zo (s) 
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Proof. Let s G C and Sa,zois) ^ 0. First of all we show that E°''''°{z, s) as given by (|5.9p is in D^f^^-^ 
For the automorphic Green's function we recall the decomposition 

(5.12) Gliz, zo) = {Sc. .o(^, + G^z, zo) + e^'^^'^^G^ {z, zq)} • 
Substituting this back into (|5.9p we obtain the decomposition of E"-'^" {z,s) 

(5.13) iJ"^-o(,^,)^^(,^,)„^(,^^,)^?^,io(f^_|(f^ 

which shows that E°''^°{-,s) € -D*^^^ since 

S a, zq (^1 ^) 



(5.14) hm <jS(z,s)-S(zo,s)- 



I 'S'a,zo(s) J 



We also see that 

^ S a, Zq : -5) 
S a, zo (s) 



(A„,,„ + s(l - s))S ^« (z, s) = (A + s(l - 5)) <; E{z, s) - E{zo, s) 

Eizo,s) 



(5.15) _^JiI^(s(l-s)-t(l-i))Gj(z,zo) 

- e'-(")m^(.(l - s) - t(l - t-))GF(z, zo), 

and because of 

(5.16) {A + s{l-s))E{z,s) = 0, 
and 

(A + s(l-s))^«,,„(z,s)-(-,s(l-s)+i(l-t))Gr(z,zo) 

(5.17) . , , 

+ e"^(")(-s(l-s)+i(l-i))GF(^,^o), 

which follows from Lemma [5l we have 

(5.18) (A„,,„ + s(l - s))^;"' ^°(z, s) = 0. 
In order to prove (|5.10p we rewrite £'"'^°(z, s) as 

E'^' ^«{z, s) = Eiz, s) - |if2lilGf (z, zo) 

(5.19) , ^-.^olsj 

_ f 1 - 2g E{zo,s) \ ^ 1 - 2g . ^ 

- U(zo,l-.) " ^ i?(z„,l-.)^i-^"'"°)' 



where p.7p was substituted and for convenience we let 



(5.20) ^^a,.o(s) 



1 + e'-^^") ■ 

Consequently one gets the equation 



THE TRACE FORMULA FOR SINGULAR PERTURBATIONS 



27 



So let 

E{zn, 1 - s)E{zo,s) 



(l-2s)F„,,„(s) 



(5.22) 



Pa, Zo (•s) 

Pa,zo{s) - lim^^^nCG^ - G'[_J(z, Zq) 
Pa, zo {s) 

Pa,zoa-s) 



Pa, zq (s) 

S a, Zq (1 ~ S) 

Sa,zo{s) 

□ 

Remark 20.1. We note from ()5.9p that the eigenvalues in the residual spectrum i?c(,2(,(r\H) have an 
interpretation as residues of s) provided E{zo,s) ^ 0. 

It is now a straightforward corollary of the previous lemma to derive the functional equation and 
therefore the scattering coefficient ipa,zo {s,Zo) for the perturbed Eisenstein series E"'^" {z,s). 

Corollary 21. 

(5.23) E"' {z, s) = a, is) E"' '° [z, 1-s), 

where the scattering coefficient is given by 

/r r,4\ / \ ^ a zoi^ ~ S, Zq) 

(5-24) (pa,zo(s) = ^P[S)— -, r— . 

Oa,zo[S, Zo) 

Proof. We use the relation (|5.10l) to derive the functional equation for E°''^°{z, s). 

^0 {z, s) = [g -0 (,)Gr(^^ _ 

E{z(), 1 - s) 

^""-«(s)Gr(z,zo)-G[_,(z,zo)] 



(5.25) ip{l~ s)E{zo,s) 

'P{zo,s) L 
= ^(,s)0„,,, (s)i?"-^«(z,l-s) 



^(*)l?rA - s)GL,(z, zo) - 0o,.„(s)Gr(z, zo)] 



□ 



6. Bounds on the relative zeta function for surfaces with one cusp 

We continue with the construction of a sequence of intervals {[T/VjT/v — ifTjI^veN crossing the strip 
R X [0, —id] on which the relative zeta function 6*0,20(5 ~'~ ^'°) admits a uniform upper bound of order 
gc(r,a,zo)T^ inTjv gQ^g positive constant c{T, a, zq). We suspect that at least in arithmetic cases it is 
possible to do much better and in fact achieve a polynomial bound. However, for a generic non-compact 
surface the general bound on the respective Eisenstein series (cf. Thm. 12.9(d) in |9bj l gives the above 
bound which will suffice for our purposes. 

As in the compact case the proof uses the spectral expansion of Sa,zois). The discrete part of the 
relative zeta function admits a uniform bound of polynomial growth for a suitably chosen sequence of 
intervals and the proof follows exactly the same lines as the proof of Proposition [151 The case of the 
existence of only finitely many cusp forms is trivial. 

In order to obtain the analogous bound for the continuous part we require a bound on the scattering 
coefficient (p{s) close to the critical line. 
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Lemma 22. Let £^ = s — ^ and cr > ^. // < — Re^ < a and \ Im^j oo then there exists a positive 
constant C I (T) s. t. 



(6.1) 



g - 7?j + i7j 



|^(.)|«r,.e^^(n(<^+|im?|) -Q 

7j<2|/mC|+2 

Proof. The scattering coefficient 1^9(5) is (see |9b| . Prop. 12.6, p. 157) of the general form 



(6.2) 



^(5) = ^(i)e^« n 



n 



L ^ + ip_k ^J-^ i + rij+ i7j ^ + rij- i^ij 



r^, A>0, 



where the infinite product is convergent whenever ^ 77^ ± i7j. For aU j we have i^j > and 7j > 0. 
We also have (cf. Prop. 12.5, p. 156 [9b]) 



(6.3) 



+ 00 

St 



+ 7 



< +00. 



The first two terms are trivially bounded. We split the infinite product into two parts. The first term 
is estimated as follows (cf. [9b], p. 159, (**) and the fourth line from the bottom) 



(6.4) 



log n 

7j>2|/m5|+2 



^-m- i7j i-ri3+ i7i 



C + ?7j + i7j i + rij- i7j 
We note that for | Im^| large we have 



7j>2|/m4|+2 



log 1 



(^,+0^+7? 



< 



(6.5) 



(r;j+ReO'+7?-(ImO' 



< 



< 



< 



7|-(Im02 " |7) + 1 

4|ehj- ^ 4(a+|ImC|) ^ 
3(Im02 + 4 - 3(Im02 + 4 ^ 



where we have used that 7^ > 2| Im^| + 2 implies i7^ > (Im^)^ + 1. Note that for \z\ < i we have 



(6.6) 



|log(l-z)|<£^<2|z| 



k=l 



and as a consequence we have the estimate 



E 

7j>2|/m4|+2 



log 1 



fe+0^+7| 



<m E 



(6.7) 



73>2|/mC|+2 

E 

7j>2|/mC|+2 " ' 4 'i 



- 3"^i^^i+7r 



Let Ci(r) = f Then 



(6.8) 



n 

73>2|/m5|+2 



i-Vj- i7j ? - + i7i 



C + ?7j + i7j C + ?7j - i7j 



< gCl(r)|5| < gCi(r)(a+|ImC|)_ 



□ 
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To be able to control a residual term which, as we will see, arises from the continous part of 
the relative zeta function we also require a bound on the Eisenstein series on subsets of the strip 
i<Res<|. 

Lemma 23. Let cq > 0. For any T G K there exists Tq with \T — Tq\ < cqTq^ such that 

(6.9) \Eizo, i + < + iTo)| « T^e^^° 
for all t e [0,1]. 

Proof. We have the following bounds (cf. Thm. 12.9.(d), p. 164, Prop. 12.7, p. 161 [Obj, (10.13), p. 
142 [TT]) 

(6.10) |£:(zo,'T + it)| « y^e^l*!, 
uniformly for i < cr < |, where w satisfies 

(6.11) Vt € K : w{t) > 1 

and, making use of (10.13) in [11] and running through the same argument as on pp. 161-62 in [9b] . 
we have 

(6.12) 



[ w{t)dt « 



Using bound (j6.12p wc infer 
(6.13) 



T+cqT- 



w{r)dr < ciT^ 

for some uniform constant Ci > 0. Now suppose for a contradiction that for all r with — Tj < cqT^^ 
we have w{r) > -i^— T^. This implies 



(6.14) 



-1 

w{r)dr > 2coT-2 2l2^T^ ^ ciT^ 

T-coT-2 2 



which is a contradiction to the above bound. So we conclude that there exists Tq with jT — To| < cqT 
such that w{To) < ^^T^. This implies by bound (|6T0)) 

(6.15) \Eizo, l+t + iTo)\ « T^e^^" 

for [0,1]. □ 

Using Proposition [T51 and Lemmas and we can establish a bound on the relative zeta function 
on intervals crossing the strip | Imp| < in between its poles and zeros. 

Proposition 24. There exists a sequence {T/vIjvgn in IR.+ , lini7v->-oo Tjv = +oo, such that for all N 
and t G [0,(t] we have the uniform bound 

(6.16) |5a,.o(^+W(i))l «e^^(r)^«>"^", 
where PN(t) ~ Tjy — it and C2(r) is some positive constant. 

Proof. Recall that for Imp < the relative zeta function Sa.zoi'^ + ip) is given by 



(6.17) 



P - -p2 



Re 



+ i?(zo,i+ir)i?(zo,i-i.)(^^ 



Re 



dr. 



Sa,zo ( 2 



ip) can be continued meromorphically to the full complex plane by shifting the contour of 
integration and collecting a residue. We will require a continuation to the real line in order to establish 
the desired bound. We first have to introduce some notation. 
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Define 7 : [-1,1] ^ R- 
(6.18) tW = 



3' 3J 

ifie[il], 



1, 

i + |(i + i), ifte[-i,-i]. 

We define a contour r7v(t), where pN{t) — Tn — it, t [0, a], by the parameterisation 

1 

— t 

6 



(6.19) rjv(t)(w) 



if |u - Tat I > -cTjY 



1 

or if \u — T/vl < —cTj.j and t > t=tcT, 



1 



if \u - Tn\ < -cT^' and < t < ^cTj;,\ 



u + iT^'^-^{Qc~'^Tn{u - Tm)), 

for u e K+ and c > is a constant which we will determine later on in the proof. To simplify notation 
we will also denote this decomposition by 

(6.20) rjv(t) = {R+\[Tn - \cT^\Tn + icT^i]) U7jv(t). 

Let 



(6.21) 

Then we have 
(6.22) 



6 Nit) 



1, ifo<t < j3^cr-i 

0, if i > j^cTj^^ 



-PN{ty 



- Re 



SN{t) 



E{zo, i + ipN{t))E{zo, \ - ipAr(t)) 



2ipw(0 

/ E{zo,\+ir)E{zo,\-ir) 



PJv(0^ 



- Re 



p{vf 



dr. 



Recall that the set {7j}j^o denotes the real parts of the resonances of E{z, ^ + \p) (since ip = £, = 
s - i). Let K = {ijjjLo U {Pi}°Zo = {ki}Zo- ^^e has the upper bound (cf. (7.11), p. 101 [11,) 

(6.23) #{j I 7, < i?} « 
which implies 

(6.24) #{l \ki<R}^ #{j I 7, <R} + #{i I < R} « R\ 

Therefore, along the lines of the proof of Lemma (jl6p . we can pick an infinite sequence tn — ^(kat + 
hn+i) with |kjv — > ciT^i^. Take Cq = in Lemma |23I So for every iV there exists T/y with 

I^Ar — Tat I < ^CiT^^ such that 

(6.25) 



|£;(zo,i+t + irAr)| «T2e3^". 



We also note jK^r — kat+iI > cTjy for some < c < ci and Tjv sufficiently large. This implies for all j 

(6.26) \PN{t) ~ Kj\ > \Tn - Kj\ > ^\kn - KN+i\ > jcTj^^ 

We now turn to estimating Sa,zo{^ + ipN{t)) where we use the representation (|6.22p . We split the 
integral into two parts, where we can drop the real part in the regularisation term for simplicity, 

E{zo,^ + ir)E{zo,^~ir) (- ^ 



(6.27) 



rjv(t) 



dr 



|r-T„|>cT-V6 



7«(i) 



E{zo, \ + ■Yr)E{z^,\ - ir) i-^ 



1 



p(j]Y 



dr. 
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We bound the tail as follows 



\E{zq, i + ir)|^ dr 



6.28 «Tl\\ ^ ^^^T^m^^^ 



where we have used the mean value bound on Eisenstein series 
(6.29) 



Jo 

which follows straight away from Prop. 7.2., p. 101 in [11]. We continue with the estimate as follows 

{Tn + kf 



fc=2 k=\TN^ 



\[Tn + kf - PN{m\{TN + kY - 



jTr, + kY 

- ^2<Slt«J \{Tn + kY -"ReipMdYmTN + kY -^c{p{i^Y}\ 

V {T^ + kY 

(6.30) ^ ^ ^2^^^ \[Tm + kY - Re{pM{tYmTN + kY -Tj, + t^]\ 



« + Tl 



« Tl. 



(Tn + xYdx 



\T.^ \{Tn + xY - r2 + i2||(T^ + 2;)2 - Re{p(ry)2}| 

(1 + y?dy 

-rT«l 1(1 + 2/)^ - 1 + T^h^m + - 1 + Rc{p(,7)2}| 



We bound the central part by 



WlNmrY - PN{tY\\[lN{mrY - p{vY 



|£;(zo,^ + i[7A^(i)](r))| 



2 



d[lN{t)]{r) 



dr 



dt 



(6.31) / u;(r)e6|'-ldr sup ^ ^,^211 2 / ^21 

Jt„-cT^^/Q rG7Jv(t) F " PA'(^) IF " P(?7) I 

« r^e''^" sup 



^4 6Tiv -i'^)! 

re'^^i^t)y~PN{tY\W-p{vY\ 



which follows from (|5TTU)) and (pTT^ . 

For r e 7Ar(i) we have 

(6.32) |r-/9Ar(i)|>^cr-i 
and for T/v large 

(6.33) \T + pN{t)\=TN + 0{T^^), -p{iiY\=T^N + 0{l). 
Hence 

Let ^ = — ir and r S 'jNit)- Assume 7^ < 2| Im^| + 2. Then we have 
(6.35) + ry, ± i7jl - I Re^ + 77, + ilm^ ± i7jl > I Im^ ± 7jl > |cT^' 
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by the choice of the sequence {Tn}n- Let r] = sup^ T]j. We know that 77 < +00 (cf. f9F, last line in 
the proof of Prop. 12.5, p. 157). We thus have 

(6.36) IC - Vj + ilm^ ± hj\ < | Re^l + V3 + I Im^l + l7jl < ^ + r; + 2| Im^| + 2 « Tn- 

This implies 



(6.37) 



n 

7j<2|/m5|+2 



^ + + hj 



£.-r]j+ i7j 



«T] 



4#{il7j<2|/>n5|+2} 



N 



,4£(r)(2(T«+cT-V6)+2)^ 



N 



«el6£(r)T^lnT« 



for some positive constant c(r), where the bound in the second line follows from ()6.23p . Together with 
Lemma we obtain 

(6.38) sup |(/?(i - ir)| « ei6^^«i"^". 

For the residual term we have 

E[z(i, \ + ipN{t))E{zQ, i - ipAf(i)) 



(6.39) 



\E{zo,\+t + iTN)\''M\~t-^T-i 



N 



2\Tm - it| 



where we have used (|6.25p and (|6.37l) . Since we know that the sum in (|6.22p is polynomially bounded 
in T/v the result follows straightaway. □ 



7. The trace formula for surfaces with one cusp 

As before the key idea in the proof of the trace formula is to exploit the properties of the relative 
zeta function S'"^^°(s). In particular this means the zeros and poles of 5"'^"(s) which are associated 
with the perturbed and unperturbed discrete spectrum. We also need to make use of its link with the 
perturbed Eisenstein series via the scattering coefficient 



(7.1) 



Sa.zoiX ■s) 
Sa.zo (s) 



Let B{T) — [icr, — icr] x [— T, T] such that dB{T) does not contain any zeros or poles of Sa^zoi^)- 
Similarly to the compact case the strategy in the proof of the trace formula is to first of all prove a 
truncated version. We then absorb the resonances into an integral along the critical line. Finally we 
prove the necessary bounds to justify the limit T 00. Throughout the proof we shall assume that 
a S ]R\{0} is generic in the sense that there are only finitely many new perturbed eigenvalues (i. e. 
ignoring possible inherited degenerate eigenvalues of A). Proposition [T^ shows that the exceptional 
set is at most countable. So once we have obtained the proof of the trace formula for generic a we can 
extend the result to any a by continuity. Here it will be crucial that any resonances near the critical 
line are controlled by Proposition B71 

Let us begin by deriving an expression involving the resonances. We can express the sum over 
perturbed and unperturbed resonances in the strip < Im p < a in terms of the following integral. We 
also pick up the small perturbed eigenvalues, since those are encoded in the perturbation factor of the 
perturbed scattering coefficient Lpa,zo{s)/(p{s) = 0a,zo{s)- 



Lemma 25. 



(7.2) 



r,GB(T) r°-eB{T) p°-€(0-ia) 

icr+T rT r-ia-T t-T 



1 

27ri 



-T 



-T 



-icr+T 



^(p)^ log 6*^,20 (i + ip)dp 
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Proof. We prove the result by contour integration along the boundary of the box [0, — icr] x [—T,T]. 
Since we are integrating h against the logarithmic derivative of the meromorphic function 0°^'^" + ip) , 
when we shift across the contour from the line Imp — —a to the real line we collect a residue —kh{p') at 
every pole p' of order k of 0"-^" + ip) and a residue kh{p') at every zero p' of order k. The function 

(7-3) ^'a,^o ( 2 + W = n , ■ N 

has no zeros or poles corresponding to the unperturbed eigenvalues {pj}j since the corresponding poles 
cancel because of symmetry 

(7.4) = +ip,)-i = - ip,)"' 

where the zeros are of order one. Sa,za{\ ^ip) poles corresponding to the unperturbed resonances 
at {—rj}j inside the box [0, —icr] x [— T, T] and for each of them we collect a residue —h{—rj) = —h{rj). 
It also has zeros corresponding to perturbed resonances at {—rf}j inside the box [0, —icr] x [— T, T]. For 
each of them we pick up a residue h{—r°') = h{r'j). The function Sa,zo{^ + ip)^^ has simple poles in 
the interval (0, —icr) corresponding to the small perturbed eigenvalues at {p'j}jl_M- For each of them 
we pick up a residue —h{—p'j) = —h{p°'). The result follows from Cauchy's residue theorem where we 
count multiplicities separately. □ 

We use the previous Lemma to prove a truncated trace formula. In the following let cr > ^, 6 > 
and h G Hg-.s- 

Proposition 26. Let Sp = 1 if \ = j is not an eigenvalue of the Laplacian and 5^ — otherwise. 
Then we have 



h{p'^)- Yl 

(7.5) P?^B{T) PjGS(T) 



Proof. We introduce the symmetric function 

Zo{s)Sa zoi^ — s). 



1 


l—ia+T 




-ia 






J-ia-T J 




+ 


f] 

JT-ia 


+ 1 


SrhiO) + i- 


f 

J-T 


Hp)- 


9' 

a,zo / ] 

9 

-'a, 20 



h{p)^C^ + ip)dp 



■>a, zo 



(7.6) 








and claim that 










1 


P-\<7+T 


l-icr+T ' 




7ri 


/ + 

J-ia-T 


J-ia+T 



d 

' dp 



/i(p)— log*(i +ip)dp 



(7.7) =-25rM0)+4 ^ Mp" ) " 4 ^ HP,)~2 ^ ^r,) 

Pfe(-T,T) PjeB{T) r,GB{T) 



+ 2 Y '^(^")+2 E Mr"). 

The above identity is easily proven by contour integration along the boundary of the box [icr, —icr] x 
[—T,T\. We simply have to count all zeros and poles of ^(s) that lie inside the box. From Lemma 
[TT] we know that Sa,zo{\ + ip) has simple poles at {pj}pjGB(T) and {— Pj} pj<zB{T) corresponding to 
eigenvalues p-izB(T)i — i + p]- They have the same residues, ie. —h{pj) — —h{—pj) and 
—h{p^j) = —h{—p^j), because of evenness of h. So we collect residues —2J2p eB(T) HPj) altogether. 
We also collect residues ~ X^r es(T) ^(''j) at the unperturbed resonances {f j}rj^B(T) that lie inside 
the box. 

Also from Lemma fTTj wc know that Sa. zq (s) has zeros of order one at {p'j} p''i^(~T.T) and {— p"}pQg(_T 7^) 
corresponding to perturbed eigenvalues {A"}pc.g(_y^y), ^'j — \ + pf^ > j, since the condition for the 
existence of a zero on the critical line implies E{zq, i + ip") — and therefore by (|3.40p 

(7.8) = 5„,,„(i +ip^") = 5„.,„(i -ipp. 
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SO the residues arc the same and altogether we cohect '^^pa^^_xT) ^(p'j)- 

It is crucial to note that in the case of the small perturbed eigenvalues it is not a requirement 
that E{zo,s) vanishes at the corresponding point. Therefore we may have only one zero of order 
one corresponding to a small eigenvalue j + ptj^ at p"_j G (0, — itr). Altogether we collect residues 
X)p°(E(o -icr) ^(p'j)- For the perturbed resonances {rf}r'^^B{T), which correspond to zeros of S'a.zj, (^+ip) 

h{r°'). Finally, if A = 4 is an eigenvalue we 



rfi£B{T) "V'j 



in the halfplane Imp > 0, we collect residues ^ 

collect a residue —2h{0) at s = i since the pole is of order 2. If A = ;| is not an eigenvalue, then we 
collect a residue —h{{)) and we shall write this separately in the final summation over residues, since it 
has no interpretation with respect to an eigenvalue. 
By evenness of h and 5* we can write 



(7.9) 



d_ 

' dp 



t—ia+T /. 

/ + / 

J-ia-T J- 



i(T+T 
i(T+T 



log*(i +ip)dp 



By Cauchy's residue theorem the RHS equals the sum over the residues collected. By evenness of h 
and ^'(i + \p) = 5*0,20(5 + ''^p)Sa.zo{^ ^ ip) the sum over the residues equals exactly twice the sums 
over residues listed above. This proves the above claim. We now apply the previous Lemma in order 
to express the resonances which appear above in terms of an integral and a finite sum over the small 
perturbed eigenvalues. We have 



(7.10) 



- 2 
1 

7ri 



^ h{rj) + 2 Hr?) 

/-i(T+T pT p-ia-T p'^ 



icr+T 



h{p)^logda,,,,(^ + ip)dp + 2 J2 -yn 



After substituting and dividing through by 4 we obtain 



1 
47ri 



j—ia+T |. 

/ + / 

J-iff-T J- 



itr+T 



(7.11) 



%)-logvl/(i 
= -lSrh{0)+ Yl KP'j)- E Mp.) 

p5"GB(T) P.GB(T) 



\p)dp 



1 

47ri 



-i<T+T 



i(7+T 



We can rewrite 
(7.12) 



pia+T , p- 

L %)^iog*(i+ip)rfp=y_. 



h{p)—\og^{\+ip)dp, 



It dp ^ J_rp dp 

since the integrand is odd. Therefore, observing the relation \i/(s) — Sa^zo{s)'^(^a,zo{s), we have 



(7.13) 



1 

47ri 

1 



'"-^'^ d 

h{p)—log^{^+ip)dp- 



VT 



dp 



1 

47ri 



icr+T 



Hp) -j^^og ea,zo{l + ip)dp 



/ — J —1(7 pi 
-T Jt- 



d 



h{p)—\0gSa,za{\ + '^P)dp- 



Similarly we have 



(7.14) 



47ri J_ 



-ia+T ^ 

h{p)—log^{^+ip)dp 

cr-T "P 
-ia+T ^ 

Hp)-r^^&^a,zo{h + ^p)dp. 



-I 

47ri J_ 



"''"+^ d 

h{p):r^og0a,zoi^ + 'ip)dp 

ia-T "P 
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So finally we can rewrite equation (|7.11|) as 



1 
27ri 



(7.15) 



-icr+T 
iCT-T 



-T-icr 



T 
T-icr 



p°ei3(T) P,e-B(T) 

which is the desired result. 



1 
47ri 



^(p)^ log 6*0,20 (5 + 



□ 



For the proof of the trace formula we need to be able to control the term containing the scattering 
coefhcients. We state this result in the following proposition. 



Proposition 27. For any h G H„ 



(7.16) 

converges absolutely. 



-\-oo 



^(i+ip)-^(i+ip)^dp 



Proof. We recall that the perturbed scattering coefficient is given by 



(7.17) 

Consequently, 
(7.18) 

and therefore 
(7.19) 



.(1-5) 



Sq, 



s s = -— , 



Hp) 



-T 
T 



4tt 

1 

47ri 



fa,zo 

, , d Sa^zoi^ - ip) , 

h{p)— log - — i dp 

T dp Sa,zo[2+W 



^{l+ip)}dp 



^ yp) log 7; — n . ■ ^ ^P- 



.^a,zo(^+ir) 47ri7_r"^ '''' S'a,zo + ip) 
So in order to prove the existence of the limit as T — >■ 00 we have to estimate 



(7.20) 

for p E R. We know that 
(7.21) 



Sa^zoih + 'ip) = r{p)e 



where 6{p) — arg S'q^x,, (i + ip) and r{p) = \Sa,zoi'^ + ip)|- We recall the functional equation 



(7.22) 

and see as a consequence 
(7.23) 



,(s) = Sa,zoi^ - S) - 



l-2s 



1 I |2 

r(/9) sin6'(p) = ImS'a,2o(i + ip) ^ — \E{zo, 5 + ip)| • 



This together with meromorphicity of S'a,zo('S) implies \d(p)\ < n. In fact this bound holds in the strip 
— cr < Im p < 0. To see this observe that for Re p > 



(7.24) 



Re p Im p 
2^ 



Rep Imp 



(Rep)2 -r2 - (Imp)2)2 +4(Rep)2(Imp)2 
((Rep)2 -p2 - (Imp)2)2 +4(Rcp)2(Imp)2 



> 
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and from the functional equation we see 
(7.25) 



lim lmSa,zo{h +^P) = 

Im >0 



\E{zo,^+iRep)\-' 



> 0. 



2 Rep 

From this observation and since Sa,za{^ + ip) meromorphic, it foUows that Sa,zo{^ + i') maps any 
smooth curve in the strip —a < Im p < which contains no poles of Sa.zoi^ + ip) to a smooth curve in 
the upper halfplane. In particular this implies that the winding number of any such curve is 0. This 
implies < a,rg Sa,zo{^ + ip) !i for Rep > and — cr < Imp < away from poles. In the same way 
one sees that ~n < a,rgSa,zo{'^ + ip) < for Rep < and —a < Imp < away from poles. 
So we have 



log 



50,^0(5 +ip) 



log- 



-p)e 



-Wip) 



= 2\d{p)\<27T, 



(7.26) 

where we have used 
(7.27) r(p) 
and the fact that Sa,zo{h + ''^p)Sa.zo{h ~ ip) analytic on the real line. 



|5'a,^o(5 +ip)l = \Sa,zoik + ^P)\ = \Sa,^oih " ip) I = ^i'P)- 



Now we can estimate the following tail 



(7.28) 



1 

47r 
1 

47r 
1 



Hp) 



Va,zo 



(i + ip)-^(i + ip)Up 



h{p)— log- rf— - 

dp Sa,zo{^+V) 



dp 



, Sa.zoi^ i^) 

lor 



Sa.zo ( 2 i"^) 

log 



h'ip)\0i 



1 

47r 



Sa.zoi'^ ip) 
Sa^zoi^+ip) 



dp 



loe 



Sa,zo{h ip) 



Sa,zoih+V) 



dp. 



We only have to estimate one tail because the relation 

ip{s) (p(l-s) 

implies that the integrand is even on the critical line. As an immediate consequence of the decay of h 
and the above bound on the logarithm we conclude 



(7.30) 



hm ]- \h{T)\ 



log 



= 0. 



h e Hcr^s implies that we have the estimate 

(7.31) /i'(p) « (l + |Rep|)-2-* 

uniformly in the strip | Im p\ < a — e for any < e < cr. So we obtain 



(7.32) 

We conclude 
(7.33) 



lim — 

T-+00 An 



\h'ip)\ 



log 



Sa,zo{h ip) 



a+ip) 



dp = 0. 



lim — 

T^oo 47r 



Hp) 



-T 



Va,zo 



(i+ip)_^(i+ip)Up 



1 

An 



Hp) 



(i + ip)-^(i + ip)Up. 



'-Pa,zo 



□ 



With the previous work we are able to justify the existence of the limit T 
trace formula (17.51). 



00 of the truncated 
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Corollary 28. Let {T„} be any sequence in R+ in between eigenvalues {pj}j^^, {p^}j^J^ o.n-d real parts 
of resonances {Rerj }^^ and accumulating at +00. Then the limit 

(7.34) ^ Jiim 1 1^"^^ + J I h{p)-^log S^, (i + ip)dp 

exists. 

Proof. We have the identity 



o • 1 / ■ , , h{p)-r^^^^<=^-^o{\ + w)dp 

27ri \J-ia+T^ J-T„ J dp 
(7.35) = ^(P?^- E ^^P^^"^J h{p)-\ogS^,.,{\+\p)dp 

-ISrhiO)-!- r h{p)^-^{\+ip)dp. 

The standard upper bound on the number of eigenvalues and the decay of h imply that the sums over 
the eigenvalues converge absolutely. By Proposition [27l the limit 

1 /-^ ... 1 



(7.36) 1™^/ KP)Y^{1 + W)dp^- h{p)-^i^ + ip)dp 
exists. Finally, for Im p = —a, we have as a consequence of Lemma 9 

(7.37) S^,,,{\ + ip) = mi^(i + ip) + 0(1) 

which implies, for Imp = —a and \p\ large, using boundedness of aigSa,ZQ{ \ + ip) away from poles, 

(7.38) log Sc., z,{\+w)^ 0(log log IpI). 
From an integration by parts we have 

f-'"'+^ d 

/ /l(p)— logS'„,;,o(i +ip)dp = /l(-icr + T)logS'„.^„(i + cr + ir) 

J-ia-T "P 

(7.39) - h{-ia - T) log5„^,„ (i + a - iT) 

f-icr+T 

h'{p) \ogSa,zo{\ + '^p)dp 

'-i(T-T 

which implies 

(7.40) lim / /i(p) log5„,^„(i+ip)dp= lim / /i'(p) log S^c,, (^ + ip)dp 
since 

(7.41) lim /i(-icr + r)logS'„^„(i +cr + iT) = lim /i(-i(7 - T) logS-^ ^„(i + cr - iT) = 0. 

T-i- + 00 / O , + / O , UV^ 

Now the integral on the RHS of (|7.40p clearly converges because of (|7.38p and h G H^ ^- Consequently 
the limit of the boundary term exists as we stretch the box to infinity. □ 

We can now apply Proposition 1241 and Lemma [17] to derive a bound on a sequence of integrals which 
will eventually lead to the required bound on the corresponding sequence of boundary terms (|7.34p 
which we require in order to show that its limit vanishes. 

Proposition 29. There exists {TVojlj C M+, limj^oo T]\f(^j^ = 00, such that for any e > we have 



N(j) 



(7.42) / ^ |log|5,,,„(i + ip)|||dp| 



2+c 
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Proof. Consider the sequence {Tn}n of Proposition [24l We choose the subseqence {7Ar(j)}j of Lemma 
[TTI Fix any e > 0. We pick the test function £ Ha.c given in Lemma[T7l We have by integration by 
parts 



/ + / log5„,,„(i+ip)dp 



(7.43) 



. + / 



Kip) log 'S'a.zo (l + ^P)dp. 

We know that the LHS converges. Recah 

(7.44) IS'a,^,,^ + cr zbiTAry))! V(5 + cr iilVo)) ^ logTAr(j), j ^ oo. 

We have 

(7.45) h,{p) « {1 + \Re p\)-^-' 

uniformly for | Inip| < a. It follows that the second and third term converge to zero as j — >■ oo. For 
the first term and very similarly for the fourth term we have 

/ie(Tjv(j))log5a,2o(| +iTjv(j)) 

(7.46) 

= he{TN{j))\og\Sa,zo{2 + i^e ( JAr(j) ) arg 5a,zo ( 2 + '^'^N{j))- 

We can rewrite the fifth term as 

r-TN(i) -if^ ^ 

\K{P) log|5a,.o(5+ip)MP 



(7.47) 



/Je(p) arg 5*0,2,, (i + ip)dp 



Recall that arg (^ +ip) is bounded away from poles in — tr < Im p < 0. This implies arg S'q^zq (^ + 
ip) « 1 for p e [TN{j),TNij) — ic], as we recall that the sequence {7^^)}^ is chosen such that the 
intervals do not contain any poles of Sa.zai'^ + ip)- It hence follows 

(7.48) h,{±TNU)) arg(5„,.„(i ± iT^y))) « T^-^ 

and 



(7.49) I + U^(p)arg5o.2,(i + ip)dp«T, 
Combining all this we conclude that the limit of 

{he{TN(j)) - he{~TN{j))}\og\Sa,zo{^ + iTN(j))\ 

(7.50) f /-^Jva) r-TNU)- 



2-e 

TV 



Kip) log|5'„,2o(i +ip)|dp 



which we can rewrite as 



(7.51) 



{K{p) - K{-p)} log |5„,2„(i + ip)|dp 



2i / Re/i^(r^(,) + i(r - a)) log |^o,2„(i + a - r + iTN(,))\dr 
Jo 



exists as j — >■ oo. We have used evenness of /i^ and h'^{—p) — —h'^{p) = —h'^(p). 

From Proposition [23] we know that there exists a positive constant c(r) > such that 

(7.52) log{c(r)e-i'^^=(r)^«o)'"^"">|5„,2„(i +ip)|} < 
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for all j and p G [T;v(j), Tjv(j) — icr]. From Lemma 25 we have for p G [Tjv(j) — ic, and T7v(j) large 

that — Reh[{p) = \ Reh'^{p)\ » T^'^^'^ uniformly in j and p. Hence 

(7.53) 



dr 



log {c(r)e-i6^^(r)^«0) + a - r + irAr(,))|} 

« I Re/i^(T^^(,) + i(r - a))! |log {c(r)e-i^^^(^)^"0) + <t - r + iT^o-))|} 

Re/l:(T^.(,) + i(r - a)) log {c(r)e-i6C^^(i^)^«0) '"^"O) + a - r + iTjvo-))|} 



dr 



which converges as j oo. It follows for any 5 > 
(7.54) 



N(j) 



|l0g|5„,,„(i+ip)||Mp| = r log|c(r)e-16C.(r)T^,,,lnT„,,,|^^^^^(l 
iCT Jo 



dr 



+ o(r^(j)inrjv(j)) 



□ 



We can now apply Proposition [29] to derive the vanishing of the sequence of boundary terms (|7.34p 
as in Theorem [TBI 

Theorem 30. Let S,e> and {TN(j)}N{j) '^s above. Then for any h G H^-^-^^s 



(7.55) 



lim 



hipy^{^ + ip)dp^o. 



Proof. We follow the same lines as in Proposition [29l In exactly the same way as in the proof above 
we obtain the identity (|7.51l) for h G Ha+e,s C Haj. So 



(7.56) 



lim < / 



— T'jv(j)— io" 



^(p)^logS'a,2o(i +ip)dp 



lim 



The limit vanishes since 



{h'ip)^h'i-p)}\og\s^,.,a + ip)\dp. 



\{h\p)-h\-p)}\\\og\s^,.,,a + ip)\\\dp\ 



(7.57) 

«T^i^ / . |log|^o,.„(i+ip)||dp|. 

T']v(j) -if 

where we have used Proposition 1291 and observe that by Cauchy's theorem h G Ha+e,5 implies 
(7.58) /i'(p) « (l + |Rcp|)-2-* 

uniformly in | Im p\ < cr. □ 

As an application of Theorem [301 we can now prove the trace formula. Let h G H^ s for any cr > | 
and ^ > 0. We will make a specific choice of a below. We observe that 



-i(T+T 



HpY^^i^ + ^P)dp ^H-ia + T) log (i + <T + iT) 



(7.59) 



- h{-ia - T) log5„^,„(i + a - iT) 



-icr+T 



h\p) log5'Q,2o(i + \p)dp 
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and, because of (|7.44|) . (|7.24p and the decay of h 
(7.60) lim h{^ia ± T) log Sa,,zo{h + cr ± iT) = 0. 

Thus we can take T — > oo in (j7.5D to obtain 

E MP") - E 

52.) J>-M' j>-Af 



1 



E ^(pj)- E / /i'(p)iog5„,.„(i+ip)dp 

1 



-icr+oo 



+ 00 ^/ 

where we have used Theorem [501 Proposition [571 the existence of the hmit (|7.40p . the standard bound 
on the unperturbed cuspidal spectrum and our choice of generic a which ensures that the sum over 
perturbed eigenvalues is finite. Since 5*0^2,, (s) depends continuously on a ^ and Proposition 1271 gives 
us control over the resonances we can extend (|7.6ip to the countable set of non-generic values of a. In 
particular Proposition (j27p and the fact that the zeros of of Sa,zois) move continuously under variation 
of a ^ imply that the trace over unperturbed eigenvalues will converge absolutely. 

The first term on the RHS can now be expanded into an identity term and diffractive orbit terms 
in exactly the same way as in the compact case. Because of the identity 

(7-62) ipa, zo (s) = da,zo {s)(p{s) 

we rewrite the second term as 

(7.63) ]- r h{p)\^C2+ip)-^C2+ip)]dp. 

8. The diffractive ghost of the sphere 

It is well known (cf. |13J, section 6) that the identity term in Selberg's trace formula is closely 
related to the trace formula on the sphere, the only difference being that one sums over imaginary 
actions instead of real actions. In this section we want to give a similar interpretation of the leading 
term in the perturbed trace formula in the case that zg is not an elliptic fixed point. 

Denote the 2-dimensional sphere by . One can obtain a trace formula for the singular perturbations 
^a,zo ^ very similar way to the hyperbolic setting. The Green's function on is given by the 
same free Green's function as before, where we replace the Riemannian distance d{-, •) on H with the 
Riemannian distance d{-,-) on The Green's function satisfies 

(8.1) {A + w{w-l))Gt{-,w)^S^ 

on In particular we note that §^ is of finite volume as opposed to H, the Green's function on 
the surface is thus identical with the free Green's function and we don't need to employ the method 
of images as in the case of a hyperbolic finite-volume surface. Hence, analogously to the hyperbolic 
setting the meromorphic function 

(8.2) 1 + alim \ {z, zq) - ReCf {z, zq)\ = I + a{iP{w) ^ Retp{t)} 

encodes all the information about the perturbed and unperturbed eigenvalues on Following an 
analogous reparametrisation as in the hyperbolic case, we obtain a relative zeta function given by 

(8.3) <,„(u;)-l + /3(a)^(zi;). 

5*^^20 (^) poles on the real line at w = 0, — 1,— 2,--- corresponding to the eigenvalues of the 
Laplacian on §^ wiw—V) = 0, 2, 6, • • • and zeros at w = WQ,wf, W2 ■ ■ ■ corresponding to the perturbed 
eigenvalues on §^ . We shall write the eigenvalues in the convenient form ^ — which corresponds to 
the choice w = ^ + oj. These coordinates allow us to symmetrise the relative zeta function (|8.3p in a 
convenient way. For any (5 > we have after a contour integration and division by 2 



(8.4) 



J2{h{u;f) - h{u;,)} = — / _ h{u;)—\og{{l + + ^))(1 + - ^))}duJ- 

■ (-1 l/ Ini LJ — — S 



THE TRACE FORMULA FOR SINGULAR PERTURBATIONS 



41 



Now, by contour integration, we can rewrite the identity term in the trace formula as 

— /i(p)— log(l + /?^(i + ip))dp 

/g 27ri 7_i5_oo dp 

= - Srh{w^) + — / log(l + /3^(i + ip))dp 

ITTI dp 

where Sr = 1, if Wq £ [515 + ^] ^nd (5r = otherwise. Note that we have no zeros off the real line, 
since lm'0(s) — implies Ims = 0. Furthermore, 



— J h[p) Re — log(l + + 



47ri y_oo dp 
1 r'^+°° , , d 



Hp)— iog{(i + mh + + (^^ih - v))}dp 

. /j(p)^log{(l + /3V.(i+ip))(l + /3V^(i-ip))}dp. 

47ri ap 

Hence the identity term in the perturbed hyperbolic trace formula is closely connected with the per- 
turbed spherical trace via the identity 



9. The perturbed zeta function 
We define the perturbed zeta function on a quotient r\M. to be 

(9.1) Z{^'^«(s) = Zr(s)5„,,,(s) 
where 

00 

(9.2) Zr{s)^l[l[{l-e-^"+'^''') 

{p} »=i 

is the Selberg zeta function associated with the group F and the product representation is valid for 
Res > 1. We have an analogous expression for Zp'^''(s). 

Corollary 31. The following idendity holds ifKes > ^ + 

(9.3) Z^-o^,)^Zr{s){l+mMKs))f[ U -P | (l-^^^f^y) ^ 11 ^.(^..o) 
where the product on the RHS converges absolutely. 

Proof. The proof is an immediate consequence of the trace formula and follows simply by taking the 
logarithm of the product and using the same bound as in the proof of the trace formula to justify 
absolute convergence. We obtain 

,M i„gzr'-(.)-.og2rw-Mi+»»(.))^i:fcf i: 

k=i 7i,...,7,er\i ^ ^ '^^^ '''' 

where the sum over k converges absolutely by (|4.64p . □ 

The identity (|9.3p expresses the ratio Z^''^" {s)/Zr{s) as a product of a local term 1 + f3tp{s) and a 
product over the number of visits paid by a diffractive orbit to the scatterer multiplying orbit terms 
corresponding to all combinations of k primitive diffractive orbits. 

In analogy with Zr{s) the perturbed zeta function satisfies a functional equation 

(9.5) Z^''°is) = C(s)^a,.o(l - s)Z^''°{l - s) 

where Zr{s) = £.{s)Zr{l - s). 

If r\M has one cusp, Theorem [TT] states that the relative zeta function Z^'^°{s)/Zr{s) has simple 
poles corresponding to old eigenvalues {sj}j>~M smd simple zeros {s^}j>^M corresponding to new 
eigenvalues. These are situated on the critical line and a finite number on the real line. It also has 
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poles and zeros corresponding to old and new resonances in the halfplane Res < ^. It follows that 
Zp''^°(s) has zeros of order mj — 1 at {sj}j>_M, where rrij denotes their old multiplicity with respect 
to the Laplacian. There is a zero or pole of order 2m — 3 at s = i if A = | is an eigenvalue of the 
Laplacian and m denotes the multiplicity of A, and a pole of order 2 otherwise. It also has simple zeros 
at {s"}j>_M corresponding to new eigenvalues as well as zeros corresponding to perturbed resonances 
and poles corresponding to unperturbed resonances in the halfplane Re s < ^ ■ Note that an analogue of 
the Riemann hypothesis does not hold, in contrast to the case of the Laplacian, because under variation 
of a £ R\{0} zeros of Z^'^°{s) on the critical line corresponding to new eigenvalues move continuously 
into the plane Res < ^ to turn into resonances. We would like to remark that this is a characteristic 
of non-compactness. For compact surfaces such a phenomenon would not occur, the eigenvalues move 
continously along the critical line under variaton of a G R\{0}, an analogue of the Riemann hypothesis 
still holds in this case. We also point out the analogy to the Phillips-Sarnak conjecture on the 
behaviour of the eigenvalues of the Laplacian under perturbation of the metric. 
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